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ABSTRACT. We recursively determine the homotopy type of the space of any irreducible framed link
in the 3-sphere, modulo rotations. This leads us to the homotopy type of the space of any knot in
the solid torus, thus answering a question posed by Arnold. We similarly study spaces of unframed
links in the 3-sphere, modulo rotations, and spaces of knots in the thickened torus. The subgroup of
meridional rotations splits as a direct factor of the fundamental group of the space of an irreducible
framed link. Its generators can be viewed as generalizations of the Gramain loop in the space of long
knots. Taking the quotient by certain such rotations relates the spaces we study. All of our results
generalize previous work of Hatcher and Budney. We provide many examples and explicitly describe
generators of fundamental groups.
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2 ANDREW HAVENS AND ROBIN KOYTCHEFF
1. INTRODUCTION
This paper concerns spaces of embeddings of 1-manifolds into certain 3-dimensional subman-
ifolds of S3. This generalizes the study of knot types from path components to spaces. Hatcher
described the topology of spaces of knots using his resolution of the Smale conjecture. He estab-
lished results for torus and hyperbolic knots, and Budney later addressed all knot types by using
the satellite decomposition of knots. Motivated by a question of Arnold [Arn04] (problem 1970-14,
p. 24 and pp. 253–254), we use their methods to describe the topology of the space of knots in a
solid torus. We do so by studying spaces of links in S3. In turn, that allows us to describe spaces
of knots in a thickened torus, a special case of knots in a thickened surface and thus virtual knot
theory. We have tried to make our account as self-contained as possible. We include many exam-
ples, especially of links corresponding to knots in the solid torus, with pictures and descriptions
of generators of the fundamental groups of their embedding spaces.
1.1. Context: previous results of Hatcher and Budney. Before outlining our results, we review
results on the space Emb(S1,S3) of (closed) knots in S3 and the space Emb(R,R3) of long knots in
R3. We use a subscript f to denote the component of a knot f : S1 ↪→ S3 or a long knot f : R→ R3
in these spaces. Hatcher proved the following [Hat99, Hat02b]:
• If f is the unknot, Embf(S1,S3) ' SO4/SO2, while Embf(R,R3) ' ∗.
• If f is a torus knot, Embf(S1,S3) ' SO4, while Embf(R,R3) ' S1.
• If f is a hyperbolic knot, Embf(S1,S3) ' SO4 × S1, while Embf(R,R3) ' S1 × S1.
Consider pi1(Embf(S1,S3)) for f as above. For any knot in S3, there are two loops that are
canonical up to homotopy: (1) a loop of rotations representing a generator in pi1(SO4) ∼= Z/2
and (2) a loop of reparametrizations of the knot. For an unknot and a torus knot, the loops (1) and
(2) are homotopic (and for an unknot, they are homotopic to a rotation of a tubular neighborhood
that fixes the parametrized unknot itself, suggesting the quotient by SO2). The above result says
that there are no further generators or relations in pi1. For a hyperbolic knot, its proof shows that
the loops (1) and (2) are independent. In pi1(SO4 × S1) ∼= Z/2×Z, the Z/2 factor is generated by
the loop of rotations. The loop of reparametrizations is, up to a loop of rotations, a multiple of the
generator of the Z factor. In many cases, it is a proper multiple because of nontrivial hyperbolic
isometries of the complement. So a generator of theZ factor is given by a diffeotopy to an isometry
followed by a fractional reparametrization.
A similar analysis applies to the spaces Embf(R,R3) above, which are completely determined
by their fundamental groups. (In general Embf(S1,S3) ' SO4 ×SO2 Embf(R,R3) [BC09, Propo-
sition 4.1].) In this setting, the two canonical loops above correspond to (1) the Gramain loop of
rotations about the long axis [Gra77], shown in Figure 1, and (2) the Fox–Hatcher loop, given by
FIGURE 1. The Gramain loop in Embf(R,R3) where f is a long right-handed trefoil.
taking the one-point compactification f : S1 ↪→ S3 of f, moving∞ along the image of f, and stere-
ographically projecting to get a loop of long knots; see [Hat02b, p. 3] for a picture. The latter loop
will again generally be a multiple of a generator of pi1 for a hyperbolic long knot. These results
can be summarized by saying that there are no exotic loops in these spaces, much like the Smale
conjecture says that diffeomorphisms of S3 are equivalent to rotations.
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Budney’s results on satellite knots [Bud10] further illustrate this phenomenon, though iterating
satellite operations produces quite a rich topology. His results roughly say that Embf(R,R3) is
a twisted product of the spaces of the torus knots, hyperbolic knots, and knot-generating links
appearing in the satellite decomposition of f. (Though satellite operations [Sch53] predate the
abovementioned question of Arnold, the uniqueness of the satellite decomposition does not [JS79,
Joh79].) The satellite operations are cables, connected sums, and hyperbolic splices. Cabling a
knot introduces a factor of S1, while a connected sum of n knots introduces the topology of con-
figurations in the plane, and thus the n-strand braid group at the level of pi1. A hyperbolic splice
introduces two factors of S1, but again, the product may be twisted.
1.2. Main results. We find that the above phenomenon extends from spaces of long knots and
knots in S3 to spaces L˜F of (parametrized) framed links F in S3 and ultimately spaces of knots
in S1 ×D2. While there are many more isotopy classes of knots in S1 ×D2 than knots in the 3-
sphere,1 the homotopy types of their embedding spaces are just as tractable via various results in
3-manifold theory and the methods of Hatcher and Budney.
The key is our computation of L˜F/SO4 for irreducible links F. This result generalizes early work
of Goldsmith on spaces of torus links in S3 [Gol82], though she worked modulo reparametrization
and relabeling of components rather than modulo rotations. While taking the quotient by rotations
arguably removes some geometric meaning, L˜F is an SO4-bundle over L˜F/SO4, and for certain
links F the latter spaces are homotopy equivalent to spaces of framed knots in S1 ×D2. They
thus lead to calculations of spaces Tf of (parametrized) knots f in S1 ×D2, where we do not work
modulo rotations. Since Diff+(S1) ' S1, one can visualize parametrized knots as knots with a bead
representing a basepoint in S1 and an arrow indicating the orientation. Though we do not consider
spaces of links that are unlabeled and/or unparametrized in this paper, this fact also allows one to
understand spaces of unparametrized knots in S1 ×D2 by using our results on Tf. We also obtain
results on spaces Lf/SO4 of unframed (parametrized) links f modulo rotations, which for certain
links f are homotopy equivalent to spaces Vf of (parametrized) knots in S1 × S1 × I. Throughout,
we study four types of embedding spaces
L˜F/SO4, Lf/SO4, Tf, and Vf.
For the precise statements, we need some notation. Let f = (f0, . . . , fm) be an (m+1)-component
link in S3. To fwe can associate a framed link F = (F0, . . . , Fm). Let L be the space of links in S3, let
L˜ be the space of framed links in S3, and let Lf and L˜F be the components of f and F respectively.
The JSJ tree of the complement CF has vertices labeled by submanifolds of CF. Each submani-
fold labeling a vertex is the complement of a Seifert-fibered or hyperbolic link, and relabeling the
vertices by these links gives the companionship tree GF of F. The link F is then built out of these
links, via the splicing operation, denoted ./. Below we use this symbol only when it corresponds
to a subdecomposition of CF (see Remark 2.8). In our conventions for GF, each component of
such a link corresponds to a half-edge on its vertex, and each component of F corresponds to a
half-edge inGF that is not part of a whole edge joining a pair of vertices. Below, each of J, J1, . . . , Jr
is an arbitrary link with a distinguished component. The notation (∅, . . . ,∅, J1, . . . , Jr) ./ L with
L = (L0, . . . ,Ln+r) means graphically that one attaches each tree GJi to the vertex GL, joining the
half-edge of the distinguished component of Ji to the half-edge of GL labeled n+ i; see Figure 15
in Section 6. For more details, see Section 2.1 for basic conventions, Section 2.4 for Seifert-fibered
1Up to 6 crossings, the number increases from 7 to 526 [GM12]. However, many of the examples we consider fall
outside this range of crossing numbers, especially those involving satellite operations.
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links, including the definitions of Sp,q, Rp,q, and KCn+r, and Section 2.5 for JSJ trees and the
splicing operation ./.
Spaces of framed links in the 3-sphere (modulo rotations). The spaces L˜F/SO4 lead to results on
the other three types of spaces above, so we consider this our Main Theorem:
Theorem 1.1. If F is a nontrivial irreducible framed link, then L˜F/SO4 is aspherical, and generators of
pi1(L˜F/SO4) roughly correspond to loops of rotations of incompressible tori in CF, as well as possibly
braids coming from motions of incompressible tori in Seifert-fibered submanifolds of CF.
More precisely, we can recursively compute pi1(L˜F/SO4) from the companionship treeGF of F, as follows.
Designate some vertex corresponding to a link component as the root, and apply the isomorphisms below to
reduce the calculation to smaller subtrees of GF, where the first two cases are precisely those where GF has
only one vertex:
(1) If F is an (n+ 1)-component Seifert-fibered link whose complement has r singular fibers (0 6 r 6 2),
then pi1(L˜F/SO4) ∼= Z2n ×PBn+r, where PBn+r is the (n+ r)-strand pure braid group.
(2) If F is an (n+ 1)-component hyperbolic link, then pi1(L˜F/SO4) ∼= Z2(n+1).
(3) If Tp,q is an (n+ r+ 1)-component torus link (i.e. gcd(p,q) = n+ r+ 1) and
F = (∅, . . . ,∅, J1, . . . , Jr) ./ Tp,q, then pi1(L˜F/SO4) ∼= Z2n ×PBn+r+2 ×
∏r
i=1 pi1(L˜Ji/SO4).
(4) If Sp,q is an (n+ r+ 1)-component Seifert link (i.e. gcd(p,q) = n+ r) and
F = (∅, . . . ,∅, J1, . . . , Jr) ./ Sp,q, then pi1(L˜F/SO4) ∼= Z2n ×PBn+r+1 ×
∏r
i=1 pi1(L˜Ji/SO4).
(5) If Rp,q := Sp,q ∪C1 has (n+ r+ 1) components (i.e. gcd(p,q) = n+ r− 1) and
F = (∅, . . . ,∅, J1, . . . , Jr) ./ Rp,q, then pi1(L˜F/SO4) ∼= Z2n ×PBn+r ×
∏r
i=1 pi1(L˜Ji/SO4).
(6) If KCn+r is the (n+ r+ 1)-component key-chain link and F = (∅, . . . ,∅, J1, . . . , Jr) ./ KCn+r,
then pi1(L˜F/SO4) ∼= Z2n ×
(
BF n
∏r
i=1 pi1(L˜Ji/SO4)
)
, where BF is a certain subgroup of the
(n+ r)-strand braid group Bn+r.
(7) If F = (∅, . . . ,∅, J1, . . . , Jr) ./ L with L = (L0, . . . ,Ln+r) hyperbolic, then pi1(L˜F/SO4) ∼=
Z2n+1 ×
(
Zn
∏r
i=1 pi1(L˜Ji/SO4)
)
Theorem 1.1 comprises a handful of statements in the main body. The asphericity is Proposition
3.3. The numbered points are Corollaries 4.2 and 5.2 and Propositions 6.4, 6.7, 6.9, and 6.16. These
statements are given at the space level, i.e., after applying the classifying space functor to the
discrete groups above. This converts the iterated semi-direct products into iterated fiber bundles,
where the spaces involved are products of circles and configuration spaces of points in R2. As a
byproduct, pi1(L˜F/SO4) is torsion-free, as the fundamental group of a K(pi, 1) space that is also a
finite-dimensional manifold. Throughout, we alternately work in terms of fundamental groups
(semi-direct products) and homotopy types of spaces (fiber bundles).
The next main result generalizes the fact that the Gramain subgroup splits as a direct factor of
the fundamental group of the space of a long knot:
Theorem 8.1. If F is a nontrivial irreducible (m+ 1)-component framed link, then the loops of meridional
rotations µ0, . . . ,µm generate a subgroup Zm+1 that splits off of pi1(L˜F/SO4) as a direct factor.
Spaces of unframed links in the 3-sphere (modulo rotations). By Lemma 3.4, Lf/SO4 is also a
K(pi, 1) space, and
pi1(Lf/SO4) ∼= pi1(L˜F/SO4)/〈µ0, . . . ,µm〉.
This group is explicitly described in various cases in Sections 4, 5, and 6 as well as in the proof of
Theorem 8.1, which draws upon those previous sections. If f is an (m+ 1)-component hyperbolic
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link, then pi1(Lf/SO4) ∼= Zm+1 (Corollary 5.4). Corollary 4.4 specifies pi1(Lf/SO4) for all Seifert-
fibered f. In Section 6, we describe pi1(Lf/SO4) for examples of nontrivial splices f.
Spaces of knots in a solid torus. Let Tf be the component of a knot in a solid torus. We view f as
a 2-component link f = (f0, f1) where f1 is an unknot, by Proposition 2.4. By Proposition 3.5, Tf is
a K(pi, 1) space and
pi1(Tf) ∼= pi1(L˜F/SO4)/〈µ0〉.
So if f is irreducible, we can use Theorem 1.1 together with the proof of Theorem 8.1 to identify
the subgroup 〈µ0〉 and completely determine Tf.
If f is split, we show that Tf ' S1 × Embf(S1,D3) (Corollary 7.2). (We do not address spaces of
split links in general, which can be complicated. For example, even pi1 of the space ofn-component
unlinks is quite nontrivial [BH13].)
From Theorem 1.1 and an analysis of the cases in Theorem 8.1, we obtain the following direct
factors in pi1(Tf). As in Theorem 8.1, these can be regarded as analogues of the Gramain subgroup.
We denote the meridional and longitudinal rotations of the solid torus λ1 and µ1 respectively
because they correspond to rotations of a complementary solid torus where the roles of meridian
and longitude are reversed.
Theorem 8.2. Let f be an irreducible 2-component link corresponding to a knot in the solid torus. Then µ1,
the longitudinal rotation of the solid torus, generates a copy of Z that splits as a direct factor of pi1(Tf). If
f is irreducible and not the Hopf link, then λ1, the meridional rotation of the solid torus, generates a further
factor of Z in pi1(Tf). If f is a split link, then λ1 generates a central subgroup isomorphic to Z/2.
The meridional rotation of the solid torus λ1 coincides with the meridional rotation of F0 (essen-
tially the Gramain loop of F0) in some but not all cases, including cases where f is irreducible. The-
orem 8.2 implies that Tf ' S1 ×Lf/SO4 (Corollary 8.4). Thus for a 2-component link f = (f0, f1)
with f1 an unknot, and for F a framed link which maps to f, we have the series of quotients
L˜F/SO4  Tf  Lf/SO4.
The second map is the quotient by a direct factor of S1, and if f is irreducible, so is the first map.
One can pass to spaces T
+
f of oriented, unparametrized knots in S1 ×D2 by using the fact that
Diff+(S1) acts freely on Tf. The relevant bundle involves only K(pi, 1) spaces, and pi1(T
+
f ) is the
quotient of pi1(Tf) by the loop λ0 of reparametrizations, which can be identified in each case in
Theorem 1.1. Then pi1 of a space Tf of unoriented, unparametrized knots in S1×D2 is an extension
of Z/2 by pi1(T
+
f ). It is not clear to us that either pi1(T
+
f ) or pi1(Tf) ever has torsion.
Below are some special cases of irreducible links f corresponding to knots in S1 ×D2:
(a) If f is the Hopf link, Lf/SO4 ' ∗, and pi1(Tf) ∼= Z, generated by a longitudinal rotation of
S1 ×D2 or a reparametrization. So the space of unparametrized such knots is contractible.
(b) If f is a torus knot Tp,q in its standard position, then pi1(Tf) ∼= Z2, generated by the two rota-
tions λ1 and µ1 of S1×D2 (Proposition 4.6). (A generator of the quotient by reparametrization,
Z, can be identified with a motion of a barber pole that can be viewed as either a rotation or a
translation, since modulo a loop of reparametrizations of a torus knot, λ1 ∼ µ1.2)
(c) If f is hyperbolic, pi1(Tf) ∼= Z3 (Corollary 5.5). In addition to the two rotations, there is a
generator coming from a hyperbolic isometry and reparametrization, like for knots in S3.
(d) If f is the connected sum of r copies of the same knot j, embedded in S1 ×D2 to have winding
number 1, then pi1(Tf) ∼= Z×B1,r n (pi1(L˜J/SO4))r, where B1,r is the annular braid group on
r strands (see Example 6.12).
2The second author credits Rob Kusner for essentially pointing out this connection to him in 2012.
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(e) Exercise 6.25 provides two embeddings of a Whitehead double into S1 ×D2 with different
results for pi1(Tf).
(a) (b) (c)
FIGURE 2. Depictions of knots in the solid torus associated to (a) the Hopf link, (b)
the (3, 5)-Seifert link, and (c) the Whitehead link.
Section 6 has calculations of pi1(Lf/SO4) in many examples of nontrivial splices f, with explicit
generators. These results immediately transfer to Tf via the equivalence Tf ' S1 ×Lf/SO4. Most
of them are summarized in Table 1 at the end of the paper.
Again, there are many more knots in the solid torus than in the 3-sphere, and accordingly,
remembering only the knot f0 : S1 ↪→ S3 associated to f : S1 ↪→ S1 ×D2 (by embedding S1 ×D2 ↪→
S3) may omit much information. For example, there are many non-isotopic knots f for which f0 is
the unknot, including multiple knots with winding number 0 (e.g. a component of the Whitehead
link or of a Bing double, as in Example 6.19), knots with Seifert-fibered complements (a component
of the Hopf link or of S1,n), knots with hyperbolic complements (e.g. again the Whitehead link),
and knots whose complements have nontrivial JSJ trees (e.g. again a Bing double).
Similarly, knottedness of f0 imposes few restrictions on f. There are knots f with f0 nontrivial
where the complement of f is hyperbolic (e.g. Examples 5.9 and 5.10), is Seifert-fibered (the knotted
component of Sp,q), or has a nontrivial JSJ tree (e.g. Whitehead doubles, as in Exercise 6.25). The
latter examples are moreover different knots fwith the same f0. In addition, the complement of f0
may have a trivial JSJ tree, while f. For example, if f0 is a Seifert-fibered or hyperbolic link and f1
is a meridian of f0, then f has a nontrivial JSJ tree.
Spaces of knots in a thickened torus. Let Vf be the component of a knot in the thickened torus
S1 × S1 × I, where the notation is chosen to suggest a connection to virtual knot theory. We view f
as a 3-component link (f0, f1, f2) where (f1, f2) is the Hopf link, by Proposition 2.5. Then
Vf ' Lf/SO4
by Proposition 3.7. So we can understand Vf in the case of irreducible f using Theorem 1.1 and
Theorem 8.1 (and its proof). For split f, Vf ' S1 × S1 × Embf(S1,D3) (Corollary 7.3). For Seifert-
fibered f, Vf ' S1 × S1 (Proposition 4.8), while for hyperbolic f, Vf ' (S1)3 (Corollary 5.6). In all
cases, the two rotations of S1× S1× I generate a factorZ2 in pi1(Vf) (Corollary 8.6), thus providing
an analogue of a Gramain subgroup of pi1(Vf), just as Theorems 8.1 and 8.2 do for pi1(Lf/SO4) and
pi1(Tf). We provide examples of such f throughout the paper, which are summarized in Table 2.
As in the case of knots in S1 ×D2, one can understand spaces of oriented (or unoriented) un-
parametrized knots in S1 × S1 × I by taking the appropriate quotient of pi1(Vf) (and an extension
of Z/2 by the resulting group).
Apropos of virtual knot theory, one might consider spaces of knots in more general thickened
surfaces. Unlike knots in a thickened torus, these do not immediately correspond to links in S3.
So we do not consider them here, though they may well be tractable via their JSJ decompositions
and the results of [HM97]. We expect slightly fewer symmetries or smaller homotopy types for
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higher genus, since Diff(Sg) has contractible components for g > 2. More specifically, we expect
that the fundamental group has no Gramain-type subgroup of rotations for g > 2.
1.3. Organization of the paper. In Section 2, we set notation and terminology and review re-
sults on spaces of diffeomorphisms, diffeomorphisms of 3-manifolds, the JSJ decomposition, and
Seifert-fibered submanifolds of S3. We also relate knots in S1 ×D2 and S1 × S1 × I to links in S3,
thus allowing us to write both Lf and either Tf or Vf for certain links f.
In Section 3, we establish that if f is irreducible, then all of LF/SO4, Lf/SO4, Tf, and Vf are
K(pi, 1) spaces. We also establish relationships between them.
In Sections 4 and 5, we completely determine the homotopy types of these spaces in the Seifert-
fibered and hyperbolic cases respectively, generalizing work of Hatcher.
In Section 6, we describe spaces of links obtained by satellite operations, namely generalizations
of cables, connected sums, and hyperbolic splices, generalizing work of Budney. These are the
main steps needed to prove Theorem 1.1. We provide many examples.
In Section 7, we determine Tf and Vf in terms of Embf(S1,D3) for split links f. These results do
not rely on any material after Section 2.3.
In Section 8 we give splittings of certain subgroups of pi1(LF/SO4), pi1(Tf), and pi1(Vf).
Section 9 contains two tables which summarize the homotopy types and fundamental groups
of Tf and Vf in our examples. Many of these are spaces Tf where f is a nontrivial splice, from
Section 6.
1.4. Acknowledgments. We thank Nikolay Buskin and Richard Buckman for bringing to our at-
tention the problem of Arnold, for useful early conversations, and for inspiration to explore var-
ious examples. The first author thanks R. Inanc¸ Baykur for support and encouragement in par-
ticipating in this project. The second author was supported by the Louisiana Board of Regents
Support Fund, contract number LEQSF(2019-22)-RD-A-22. He thanks Ryan Budney for useful
conservations. We acknowledge the use of KLO [Swe] and especially SnapPy [CDGW] for verify-
ing the symmetries of various links, and the use of Inkscape and Grapher for producing graphics.
2. PRELIMINARIES
We begin in Section 2.1 by setting notation and definitions. In Section 2.2, we review some
long-known results on diffeomorphisms of surfaces and 3-manifolds, providing proofs of two
relatively short results. In Section 2.3, we relate knots in a solid torus and a thickened torus to
links in S3. We then review results specialized to links in S3: Section 2.5 covers JSJ decompositions
of submanifolds of S3, companionship trees, and satellite operations (i.e. splicing), while Section
2.4 covers Seifert-fibered submanifolds of S3 or equivalently Seifert-fibered links.
2.1. Notation and basic definitions.
Manifolds and diffeomorphisms:
• Let Dn be the closed n-dimensional disk. For n = 2, we often view D2 ⊂ C. Write I := [0, 1].
• We say ”manifold” to mean a manifold with possibly nonempty boundary.
• Let Diff(M) denote the space of diffeomorphisms of a manifoldM.
• Given a submanifold S ⊂ M, let Diff(M;S) be the subspace of diffeomorphisms of M which
restrict to f on S. We sometimes abbreviate Diff(M;∂M) as Diff(M;∂).
• For submanifolds S1 and S2 ofM, let Diff(M,S1; S2) be the subspace of diffeomorphisms ofM
which preserve S1 setwise and fix S2 pointwise.
• If M is orientable, we write Diff+ to indicate diffeomorphisms of M which are orientation-
preserving, both in the absolute and relative cases. The same convention applies to the group
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of isometries Isom(M) of a hyperbolic 3-manifold M. A diffeomorphism which pointwise
fixes a boundary component of a connected manifoldMmust be orientation-preserving.
• Let Diff0(M) denote the component of the identity in Diff(M). Define Diff0(M;S) similarly.
• An element of pi0 of a space of diffeomorphisms is called a mapping class. If Σbg is a surface
of genus g with b boundary components, then PMod(Σbg,n) := pi0Diff(Σbg; ∂Σbg ∪ {x1, . . . , xn}),
the pure mapping class group of Σbg with n marked points or punctures. If b = 0 or n = 0 we
omit the superscript or subscript entirely. Special cases include the n-strand pure braid group
PBn ∼= PMod(Σ10,n), the group of framed n-strand pure braids PMod(Σ
n+1
0 ), and the spherical
n-strand pure braid group PMod(Σ0,n).
• Define Conf(n,M) := {(x1, . . . , xn) ∈Mn : xi 6= xj ∀ i 6= j}, the space of ordered configurations
in a manifoldM. We consider mainly Conf(n,R2), which is a K(G, 1) space for G = PBn.
Surfaces and 3-manifolds:
• A 3-manifoldM is irreducible if every embedded 2-sphere inM bounds a 3-ball.
• If S is a compact, connected, orientable surface in a 3-manifold with boundary M and S is
properly embedded (i.e. S ∩ ∂M = ∂S), we say S is incompressible if the inclusion S ↪→ M is
injective on pi1.
• Suppose that T = ∂ν, where ν is a solid torus S1 ×D2. A meridian m is a simple closed curve
on T which represents a generator of pi1(T) but bounds a disk in ν. A longitude ` is a simple
closed curve on T which has zero linking number with S1 × {0} ⊂ ν and intersection number
±1 with `. A knot f : S1 ↪→ S3 gives rise to such a solid torus ν via a tubular neighborhood,
and an orientation of S1 orients `, from which we can canonically orientm by demanding that
m · ` = +1, using an orientation of S3. Equivalently (orienting T outward normal last), m has
linking number +1 with f.
Links, knots, and long knots:
• Let Emb(M,N) be the space of smooth embeddings of a manifold M into a manifold N, with
the C∞ Whitney topology. Given a fixed embedding f : S ↪→ N of a submanifold S ⊂ M, we
write Emb(M,N;S) or Emb(M,N; f) for the space of smooth embeddings of M into N which
restrict to f on S. A special case is whereM is a submanifold of N and f is the inclusion.
• A link is a smooth embedding f = (f1, . . . , fm) :
∐
m S
1 ↪→ S3. When there is no risk of
misinterpretation, we may blur the distinction between f and its image. Sometimes we index
the components of f starting at 0 rather than 1. If the name of a link already has a subscript,
e.g. ji, we include a second subscript, e.g. ji,k, to specify a component. Links which have been
tabulated but which lack colloquial names will be identified by their names in the tables of
Thistlethwaite [Thi] and Rolfsen [Rol90]. These remarks also apply to framed links, defined
below.
• A knot is a link S1 ↪→ S3 with one component. We use the term closed knot synonymously, to
distinguish from long knots, defined below.
• An n-component link L is irreducible if there exists an embedded S2 that separates components
of L. We say that L is split if it is not irreducible. A knot is thus always irreducible.
• A framed link is a smooth embedding F = (F1, . . . , Fm) :
∐
m S
1 ×D2 ↪→ S3. The i-th framing
number of F is the linking number lk(F|(S1)i×{0}, F|(S1)i×{1}), where (S
1)i is the i-th summand
of S1. That is, it is the linking number of the i-th “core” with the i-th longitude. The restriction
of a framed link F to the cores
∐
m S
1 × {0} gives a link f. A framing of a link f is a class of
framed link F up to isotopy fixing f, and it is given precisely by them framing numbers. Thus
restriction to the core induces a bijection to isotopy classes of links from isotopy classes of
links with ~0-framing a.k.a. the homological framing. A planar projection of a link gives rise to
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its blackboard framing given by the writhe (i.e. the signed sum of crossings) of each component.
We will use the uppercase and lowercase of the same letter to denote a framed link and the
corresponding link, e.g. F↔ f.
• For a link f, the exterior of f is S3 −ν(f)where ν(f) is a tubular neighborhood of f. Alternatively,
it is S3 − im(F), so we often denote it by either Cf or CF.
• A long knot is an embedding f : I ↪→ I×D2 whose values and derivatives on ∂I agree with the
embedding induced by the diffeomorphism I
∼=→ I× {0}. A framed long knot is an embedding
F : I×D2 ↪→ I×D2 such that F and its derivative are the identity on ∂I×D2.
Spaces of links and long knots and maps between them:
• For each integer m > 1, let L(m) := Emb(∐m S1,S3) be the space of m-component links. Let
L :=
∐
m>1 L(m) be the space of all links. For a link f, let Lf be the component of f in L.
• Let L˜ be the space of all framed links, and let L˜F be the component in L˜ of the framed link F.
The space L˜ is homotopy equivalent to the space of links with a normal vector at each point.
• Let K be the space of long knots. It is homotopy equivalent to the space of embeddings R ↪→
R×D2 supported in [−1, 1].
• Let K˜ be the space of framed long knots.3
• Equipping a link or long knot with the ~0-framing and restricting to the core yield well defined
maps pi0L→ pi0L˜→ pi0L and pi0K→ pi0K˜→ pi0K where each composition is the identity.
• There is a closure operation K → L(1) (or K˜ → L˜(1)) that sends a (framed) long knot to a
(framed) closed knot, as described in Section 2.3 below. We will denote a (framed) long knot
and its closure by either (F, F) or (F, F). The exterior of a long knot f in I×D2 is homeomorphic
to the exterior of the closure f in S3.
Loops of links:
• For a framed link F = (F0, . . . , Fm), and i = 0, 1, . . . ,m, we write λi to denote a loop of lon-
gitudinal rotations (or reparametrizations) of the i-th component and µi to denote a loop of
meridional rotations of the i-th component. We view these as their classes in pi1(L˜F) or more
often pi1(L˜F/SO4). If the 0-th component of F = (F0, F1) corresponds to a knot in S1×D2 (so F1
is the unknot), then λ1 and µ1 correspond modulo SO4 to loops which fix F1 and rotate F0 in
some way. They correspond respectively to meridional and longitudinal rotations µ and λ of
the solid torus, not vice-versa. In this case, we also write ρ for the loop λ0 that reparametrizes
the knotted component. We also use λ,µ, and ρ to denote similar loops of a knot in S1× S1× I.
Groups:
• We write “+” and “0” for the group operation and identity element in abelian groups, but
juxtaposition and “1” in groups that are not (necessarily) abelian. We use e for the identity
element in contexts possibly involving both types of groups, e.g., certain short exact sequences.
• We use exponentiation to denote conjugation, i.e., gh := h−1gh.
• We write Z〈a1, . . . ,an〉 to denote the free abelian group on generators a1, . . . ,an.
• We writeG ∼= KoH orG ∼= HnK to indicate thatG is a semi-direct product ofH and K, where
K is the normal subgroup, hence the kernel of a map G → H. Indeed, equivalently, there is a
short exact sequence
{e}→ K→ G→ H→ {e}
with a splitting H → G. A sequence as above with a splitting G → K is equivalent to the
stronger condition that G ∼= H×K. In the latter case, we call H and K direct factors.
3Beware that the space of closed knots (respectively framed closed knots) is a subspace of L (respectively L˜), not K
(respectively K˜). Our notation is not overloaded because we make no use of long links.
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• We write Sn for the symmetric group on n letters and Sn o K for the group Kn oSn where
Sn acts by permuting the n factors of K.
• Write S±r for the signed symmetric group Sr oZ/2 := Sr n (Z/2)r. An element σ in S±r can
be viewed as a permutation of {−r, . . . , r} such that σ(−i) = −σ(i). It can also be viewed as a
permutation of {1, . . . , r} together with the additional data of a sign + or − for each value σ(i).
• Write Bn and PBn := ker(Bn → Sn) for the n-strand braid (respectively pure braid) group.
2.2. Background on homotopy types of spaces of diffeomorphisms. We now review theorems
related to homotopy types of spaces of diffeomorphisms and spaces of embeddings, many of
which are well known.
By work of Palais [Pal60] or Lima [Lim64], restricting diffeomorphisms of a manifold M to a
submanifold S gives a locally trivial fiber bundle
Diff(M;S)→ Diff(M)→ Emb(S,M). (1)
This result generalizes the isotopy extension theorem [Hir76, Theorem 8.1.3], which by itself will
also useful here. One can similarly restrict embeddings of M into another manifold N to obtain a
fibration
Emb(M,N;S)→ Emb(M,N)→ Emb(S,N).
An important special case of a slight variant of (1) is when M = Dn+1, S = {(1, 0, . . . , 0)}, and we
take linear isometric maps instead of smooth maps to get the fiber bundle
SOn → SOn+1 → Sn.
Recall that SO2 ∼= S1, while SO3 ∼= RP3 ∼= S3/{±1}, and SO4 ∼= S3 × SO3 (as spaces, but not as
groups). For n = 2, the bundle above is doubly covered (in the fibers) by the Hopf fibration. For
n = 3, it is a trivial bundle.
We will extensively use the long exact sequence in homotopy groups for a fibration F→ E→ B,
which ends at . . .→ pi0(F)→ pi0(E)→ pi0(B). Generally, the pi0 terms are just sets, but we will often
consider fibrations of topological groups, in which case the maps on pi0 are homomorphisms and
any path-component is homeomorphic to the component of the identity. We will also consider
the situation where there is a free action of a group G on the total space E which restricts to a free
G-action on B. Taking the quotient by the action gives the fiber bundle F→ E/G→ B/G.
By a theorem of Whitehead, a map of CW-complexes inducing isomorphisms on all homotopy
groups is a homotopy equivalence. We apply this fact to spaces of C∞-diffeomorphisms and
C∞-embeddings of compact manifolds. Such a space can be given the structure of an infinite-
dimensional manifold, modeled on a locally convex topological vector space, in fact a Fre´chet
space [Bry93, Section 3.1]. These spaces are thus dominated by CW-complexes [Pal66, Theorem
13], which is sufficient for Whitehead’s theorem to apply; see [Pal66, Lemma 6.6] or [Hat02a,
Proposition A.11].
For a group G, we will use the classifying space BG, which can be obtained as the quotient of
a contractible space EG by a free action of G. We only need BG in the case of discrete G, which
simplifies matters. Then the universal bundle G→ EG→ BG is a covering space, and its long exact
sequence in homotopy shows that BG is aspherical, i.e. an Eilenberg–MacLane space K(G, 1). We
will use the fact that B(−) is a functor from groups to based spaces, via a certain construction of
EG and BG. This functor B(−) takes a short exact sequence of discrete groups to a fibration of
K(G, 1) spaces. The loopspace functor Ω(−) is a one-sided inverse to B(−) up to homotopy in the
sense that ΩBG ' G. So if G is discrete, ΩBG ∼= G. We occasionally reference the fact that if a
K(G, 1) space is a finite-dimensional CW complex, then Gmust be torsion-free.
We list further relevant results, with some more useful terminology and notation:
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• (Alexander [Hat07, Theorem 1.1]): Every smoothly embedded S2 in S3 bounds a ballD3. Every
smoothly embedded torus in S3 bounds a solid torus on at least one side. (Note also that a torus
in S3 is unknotted if and only if it bounds a solid torus on both sides.)
• (Smale [Sma59], 1959): Diff+(S2) ' SO3 or equivalently Diff(D2;∂) ' ∗.
• (Earle–Eells [EE69], 1969; Earle–Schatz [ES70], 1970; Gramain [Gra73], 1973):
– Diff(S1 × I;∂) ' ΩDiff+(S1) ' ΩS1 ' Z. (The generator is called a Dehn twist, and for a
simple closed curve C on any surface S, it gives rise to a diffeomorphism of S supported in
a neighborhood of C, called a Dehn twist along C.)
– Diff0(S1 × S1) ' S1 × S1.
– For a compact orientable surface S of genus > 2, possibly with boundary, Diff0(S;∂S) ' ∗.
• Let Pn := D2 − (
∐n
i=1 intDi), where each Di is a disk in the interior of D
2. Then Pn ∼= Σn+10 .
Call ∂D2 the outer boundary component and the ∂Di the inner boundary components. We have
PMod(Σn+10,r ) ∼= Z
n ×PBn+r. Indeed, the map to PBn+r ∼= PMod(Σ0,n+r) is given by capping
the n inner boundary components, i.e. gluing punctured disks to them. The map to Zn is
obtained by n maps ϕi that “fill in” all the punctures x1, . . . , xr and all the n removed disks
except the i-th one (and using that Diff(S1 × I;∂) ' Z). This group mutually generalizes the
pure braid group PBr (n = 0) and the group of framed n-strand pure braids (r = 0).
• The center Z(PBn) is isomorphic to Z, generated by a Dehn twist along the boundary of D2.
For n > 3, PBn/Z(PBn) ∼= PMod(Σ0,n+1) The center splits off as a direct factor, i.e. for n > 3,
PBn ∼= Z× PMod(Σ0,n+1). See [FM12, Section 9.3] for details.
• (Hatcher [Hat76], 1976; Ivanov [Iva76, Iva79], 1976–79):
– For an orientable, connected, compact, irreducible 3-manifold M, and an incompressible
surface S in M, Emb(S,M;∂S) has contractible components, provided S is neither a torus
nor a fiber of a bundle structure onM. If S is a torus that is not the fiber of a bundle structure
onM, then each component of Emb(S,M;∂S) is equivalent to Diff0(S1 × S1) ' S1 × S1.
– For a Haken 3-manifoldM, Diff(M;∂M) has contractible components.
It suffices to recall that for orientable 3-manifolds,M is Haken if and only if it is compact and
irreducible and contains an incompressible surface. The exterior of a nontrivial, irreducible
link is a Haken manifold, since the boundary of a tubular neighborhood of any component is
an incompressible surface.
The stated results about Emb(S,M;∂S) also hold when S =
∐n
i=1 Si is a disjoint union of
incompressible surfaces Si. Indeed, this follows by induction on n from the fibration
Emb
(
Sn,M−
n−1∐
i=1
Si
)
→ Emb
(
n∐
i=1
Si,M
)
→ Emb
(
n−1∐
i=1
Si,M
)
and its long exact sequence in homotopy.
• (Hatcher [Hat83], 1983): Diff(D3;∂) ' ∗ or equivalently Diff+(S3) ' SO4.
With the above results in hand, the proofs of the last two results in this subsection (Lemma 2.1
and Lemma 2.2) are not long, so we include them. We need Lemma 2.1 only for g = 1, but the
proof for arbitrary g is just as easy.
Lemma 2.1. For a handlebodyM of any genus g > 0, Diff(M;∂) ' ∗. In particular, Diff(S1×D2;∂) ' ∗.
Proof. We proceed by induction on the genus g, where the basis case g = 0 holds by Hatcher’s
work on the Smale Conjecture. LetM be a handlebody of genus g, and let S be a properly embed-
ded non-separating D2 inM. Restricting a diffeomorphism to S gives a fibration
Diff(M ′;∂M ′)→ Diff(M;∂M)→ Emb(S,M;∂S) (2)
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where M ′ is the genus-(g− 1) handlebody obtained by cutting M along S. By the induction hy-
pothesis, the fiber is contractible, and by the theorem of Hatcher and Ivanov, the base has con-
tractible components. To see that the base is connected, consider two embeddings e, e ′of S in M
which agree with the inclusion on ∂S. By considering innermost circles in e(S)∩ e ′(S), we can find
an isotopy of e ′ to reduce the number of such circles. We ultimately conclude that e(S)∪ e ′(S) is a
2-sphere inM. By embeddingM inR3, we view this 2-sphere as a subspace ofR3. By the theorem
of Alexander, it bounds a 3-ball, and e and e ′ are isotopic. Hence the base space is connected, and
the total space is contractible. 
Lemma 2.2 is a special case of Proposition 4.1, but it will help to first understand this case
directly. Understanding diffeomorphisms of S1 × S1 × I will ultimately give us the homotopy
type of the space of the Hopf link in S3. Considering only those that fix the boundary pointwise
below rules out the rotations of each S1 factor. This is reflected by the fact that Diff(S1 × S1;∂) is
homotopy-discrete, whereas each component of Diff(S1 × S1) is equivalent to S1 × S1.
Lemma 2.2. Diff(S1 × S1 × I;∂) ' Ω(Diff0(S1 × S1)) ' Ω(S1 × S1) ' Z×Z.
Proof. By the theorem of Hatcher and Ivanov, it suffices to consider pi0 of this space, since S1 ×
S1 × I is Haken. Define a map Φ : pi0(Diff(S1 × S1 × I)) → Z×Z as follows. Write S1 = [0, 2pi]/ ∼
with 0 as its basepoint, and for f ∈ Diff(S1 × S1 × I), consider the union of segments {0}× {0}×
I ∪ −f({0} × {0} × I) as a class in H1(S1 × S1 × I) ∼= Z ×Z. This map descends to a map Φ on
pi0. The surjectivity ofΦ is established by considering the two lifts of the Dehn twist that generate
pi0Diff(S1× I;∂) using the two possible projections S1×S1× I→ S1× I. Explicitly, these generating
diffeomorphisms are given by (θ,ϕ, t) 7→ (θ+ 2pit,ϕ, t) and (θ,ϕ, t) 7→ (θ,ϕ+ 2pit, t).
For injectivity, supposeΦ(f) = (0, 0). LetA be the annulus S1× {0}× I. Consider the lift of f to a
diffeomorphism f˜ of the universal coverR×R× I, and let A˜ be the subspace corresponding to the
universal cover ofA. Then sinceΦ(f) = (0, 0), the restriction of f˜ to ∂A˜ is the identity. By a straight-
line homotopy, f˜|
A˜
is homotopic to the inclusion, and this homotopy descends to a homotopy from
f|A to the inclusion of A. A theorem of Waldhausen [Wal68, Corollary 5.5] says that a homotopy
of an incompressible surface constant on the boundary gives rise to an isotopy with the same
endpoints, so there is an isotopy from f|A to the inclusion of A. By isotopy extension, we get a
diffeotopy of the whole space S1 × S1 × I which restricts to the identity on both its boundary and
the annulusA. By restricting diffeomorphisms toA, we essentially cut alongA to get a solid torus:
pi0Diff(S1 × I× I;∂)→ kerΦ→ pi0Diff(A;∂)
By Lemma 2.1, pi0Diff(S1× I× I;∂) is trivial4, so the second map above is injective. But any element
of kerΦmaps to 0 ∈ Diff(A;∂) because the first component ofΦ(f) is zero. So kerΦ is trivial. 
Definition 2.3. In the context of other 3-manifolds, we will use the two generators of this groupZ2,
i.e. the lifts of the annular Dehn twists to S1× S1× I in the proof of surjectivity above. Specifically,
if T is a torus boundary component of a submanifold M ⊂ S3, they extend to diffeomorphisms of
M supported in a collar neighborhood of T . By Alexander’s theorem, T bounds a solid torus on at
least one side. Given such a solid torus, we can identify one factor of S1 in S1×S1× I as a meridian
and the other as a longitude, and we will refer to these diffeomorphisms ofM as a meridional Dehn
twist and a longitudinal Dehn twist according to the factor which appears in the support. Beware
that these do not correspond to the identically named Dehn twists on the torus: in each case, the
diffeomorphism is the identity on one of the S1 factors, not on the I factor.
4Note that we are only using the connectedness of this space of diffeomorphisms, which can be deduced from Cerf’s
result pi0Diff
+(S3) = {e}, obtained well before the proof of the Smale conjecture.
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2.3. Spaces of knots in certain 3-manifolds via spaces of links. To relate knots in S1 ×D2 and
S1 × S1 × I to links in S3, first write the 3-sphere as the unit sphere in C2:
S3 := {(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1}.
There is a solid torus U ⊂ S3 given by
U :=
{
(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1, |z2|2 6 12
}
with boundary the torus
T :=
{
(z1, z2) ∈ C2 : |z1|2 = 12 = |z2|
2
}
.
The closure of the complement of U in S3 is the solid torus
U ′ :=
{
(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1, |z2|2 > 12
}
.
Then S3 = U ∪U ′ is a Heegaard decomposition of S3 into two solid tori. Writing S3 = R3 ∪ {∞},
we view the solid torus U as a subset ofR3, so∞ ∈ U ′. The longitudinal and meridional rotations
λ and µ of U extend to rotations of S3 which respectively fix and do not fix∞. The solid tori U ′
and U are respectively neighborhoods of the components C1 and C2 of the Hopf link, shown in
Figure 4 after a rotation that puts it in R3. So λ is a rotation along C1 and µ is a rotation along C2.
This decomposition helps describe the closure of a long knot. Given a framed long knot F ∈ K˜,
we obtain a framed closed knot F ∈ L˜ by gluing together the ends of the solid cylinder I×D2 in the
domain and codomain of F. We view the result in the domain as S1×D2, identifying the basepoint
of I/∂I with 1 ∈ S1 and the forward orientation of I with the counter-clockwise orientation of S1.
We view the codomain as U ′, identifying the basepoint of I/∂I with ∞ ∈ S3. Thus F is a closed
framed knot in S3 sending (1, 0) to∞ and with prescribed values and derivatives on all of {1}×D2.
A similar construction with I instead of I×D2 yields a closed knot f ∈ L from a long knot f ∈ K.
Given a two-component link f = (f0, f1) in S3, we may view f as the knot f0 in the exterior of f1.
See Figure 3.
Proposition 2.4. A 2-component link f = (f0, f1) in S3 corresponds to a knot in U = S1 ×D2 if and only
if (at least) one component is unknotted. An isotopy of f gives rise to an isotopy of the corresponding knot
and vice-versa. Thus isotopy classes of knots in S1×D2 are in bijection with isotopy classes of 2-component
links in S3 where the second component is unknotted.
Proof. For the first statement, the unknot’s complement is a solid torus and it is the only such knot,
since the complement of any nontrivial knot has a Z2 subgroup in its fundamental group [Rol90,
p. 104]. For the second statement, suppose without loss of generality that f1 is an unknot. Fix a
diffeomorphism h from S1 ×D2 to the exterior of f1. Let ft be an isotopy of f in S3 and (fi)t the
restriction to the i-th component. Let Ft be the extension to a diffeotopy of S3, guaranteed by the
isotopy extension theorem [Hir76, Theorem 8.1.3]. Then t 7→ h−1 ◦ (Ft)−1 ◦ (f0)t gives an isotopy
of the knot in the solid torus. For the reverse direction, an isotopy of the knot in the solid torus,
say f1, gives rise to an isotopy of f that is fixed on f0. The last statement is then clear. 
Proposition 2.4 concerns only isotopy classes, i.e. path components in embedding spaces. (The
topology of those components is addressed in Proposition 3.5.) Nonetheless, it suffices for the
purposes of associating (framed) 2-component links to knots f in the solid torus and vice-versa.
Now define
V :=
{
(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1, 13 6 |z1|
2, |z2|2 6
2
3
}
.
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FIGURE 3. Two examples of 2-component links f = (f0, f1) with f1 unknotted (left),
together with their respective associated knots in the solid torus (right).
Thus V is the closure of a neighborhood of the torus T , so V ∼= S1 × S1 × I. The meridional and
longitudinal rotations of U mentioned above extend to rotations of V . A similar argument as in
the proof of Proposition 2.4 establishes an analogous result for knots in V :
Proposition 2.5. A 3-component link f = (f0, f1, f2) in S3 corresponds to a knot in V = S1× S1× I if and
only if two of its components form a Hopf link. An isotopy of f gives rise to an isotopy of the corresponding
knot and vice-versa. Thus isotopy classes of knots in S1 × S1 × I are in bijection with isotopy classes of
3-component links in S3 where the last two components are a Hopf link. 
Notation 2.6. Let T be the space of knots in a solid torus, that is, smooth embeddings S1 ↪→ S1×D2.
By Proposition 2.4, a 2-component link f determines a path-component Tf in pi0(T). Similarly, a
knot f in the solid torus determines a path-component Lf in pi0(L).
Let V be the space of knots in thickened torus, that is, smooth embeddings S1 ↪→ S1× S1× I. By
Proposition 2.5, a 3-component link f determines a path-component Vf in pi0(V). Similarly, a knot
f in the thickened torus determines a path-component Lf in pi0(L).
2.4. Preliminaries on Seifert-fibered links. Seifert-fibered manifolds form one of the two classes
of submanifolds in the JSJ decomposition. Following [Hat07] and [Bud06], we review their def-
inition and the classification of Seifert-fibered link complements, which are precisely all Seifert-
fibered submanifolds of S3.
A Seifert fibering of a 3-manifold M consists of a map M → B to a surface B with genus g
and n boundary components. On the complement of finitely many points x1, . . . , xr, the map
is an S1-bundle. We call the preimages of the xi singular fibers. For a Seifert-fibered submani-
fold of S3, B must be orientable. In this case, one can construct M by starting with B× S1 and
removing a solid torus neighborhood of each {xi}× S1. For each i, one then glues back a solid
torus with its meridian attached along a curve of slope ai/bi ∈ Q, where ai and bi correspond
to the fiber and base direction respectively. For B orientable, this data determines M, and we
write M = M(g,n;a1,b1, . . . ,ar,br). Assuming n > 0, another such Seifert-fibered manifold
M(g,n;a ′1,b
′
1, . . . ,a
′
r,b ′r) is diffeomorphic to this one if and only if ai/bi ≡ a ′i/b ′i mod 1 for all i.
Thus integer slopes ai/bi may be removed from the list.
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Define the following subsets of S3:
• Tp,q := {(z1, z2) ∈ S3 : zq1 = zp2 } = {(e2pipit/
√
2, e2piqit/
√
2) : t ∈ R} where p,q ∈ Z− {0}.
• C1 := {(z1, 0) ∈ S3} = {(e2piit, 0) : t ∈ R}
• C2 := {(0, z2) ∈ S3} = {(0, e2piit) : t ∈ R}
• Sp,q := Tp,q ∪C2
• Rp,q := Tp,q ∪C1 ∪C2
• KCn := C1 ∪
⋃n
k=1{(e
2piik/n/
√
2, e2piit/
√
2) : t ∈ R}
FIGURE 4. The Hopf link (∼ C1 ∪C2 ∼ KC1) and the key-chain link KC3.
We visualize C1 in the xy-plane and C2 tangent to the z-axis at 0 ∈ R3. Beware that for some
authors, the roles of p and q in Tp,q may be reversed, the definitions or depictions of C1 and C2
may be reversed, and Sp,q may include C1 instead of C2.
If gcd(p,q) = 1 and p 6= 1 6= q, then Tp,q has one component, is not the unknot, and is called
the (p,q)-torus knot. It winds p times around C2 and q times around C1. The second condition
excludes T1,q and Tp,1, which are precisely those Tp,q which are unknots.
In general, the link Tp,q is called the (p,q)-torus link. The link Tp,q is isotopic to Tq,p. Negating
either p or q reverses the orientation on all the components, but this link is isotopic to the original
one, since torus knots are invertible. In general, Tp,q is a link with gcd(p,q) components. Each
component is a copy of the torus knot Tp ′,q ′ where p ′ = p/ gcd(p,q) and q ′ = q/gcd(p,q). This
can be seen by viewing Tp,q as a union of parallel lines of slope q ′/p ′ on R2/Z2. The linking
number between a pair of components is p ′q ′.5 For example T2,4 is a 2-component link with
unknotted components and linking number 2, T4,6 consists of 2 trefoils with linking number 6, and
Tn,n is a union of fibers in the Hopf fibration, any pair of which has linking number 1.
If gcd(p,q) = 1 and p 6= ±1, then Sp,q is called the (p,q)-Seifert link. The link Sp,q = Tp,q ∪C2
is isotopic to Tq,p ∪C1. As far as we know, the link Rp,q does not have a name, and our notation
for it is non-standard. See Figure 5 for pictures of Sp,q and Rp,q.
The link KCn is called the (n+ 1)-component key-chain link. There are symmetries which ar-
bitrarily permute all the components except C1. We thus call C1 the special component. It links
nontrivially with all the other components.
The Hopf link (with +1 linking number) is C1 ∪C2. It can also be described as KC1, T2,2, S1,1 =
T1,1 ∪C2, T1,1 ∪C1, S1,q = T1,q ∪C2, or Tp,1 ∪C1.
Of course, each of these named links refers to any link in the same isotopy class. When a choice
of orientation is important, we take the one determined by the parametrizations by t ∈ R above.
A Seifert-fibered link is any link whose exterior is diffeomorphic to a Seifert-fibered manifold.
Beware that (p,q)-Seifert links are a proper subset of the similarly named Seifert-fibered links.
5Indeed, the linking number Lk of Tp′,q′ with a normal perturbation of Tp′,q′ on the torus satisfies Lk = Tw+Wr,
where Tw is twist and Wr is writhe [Ca˘l59, Poh68]. By writing Tp′,q′ as the closure of the appropriate p ′-strand braid,
Wr = q ′(p ′ − 1), the number of (positive) crossings. The twist Tw is the linking number with C1, which is q ′.
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(a) (b) (c)
(d) (e) (f)
FIGURE 5. The (3,4)-torus knot T3,4 in (a) and (d), the (3,4)-Seifert link S3,4 = T3,4 ∪
C2 in (b) and (e), and the link R3,4 = T3,4 ∪C1 ∪C2 in (c) and (f). We can associate a
knot in S1 ×D2 to S3,4 and a knot in S1 × S1 × I to R3,4.
Proposition 2.7 ([BM70, Bud06]). Let p and q be nonzero integers. Define p ′ := p/ gcd(p,q) and
q ′ := q/ gcd(p,q), and let r, s ∈ Z such that rp ′ − sq ′ = 1. A Seifert-fibered link has (at least) one of the
five forms below:
• Tp,q, with exteriorM(0, gcd(p,q); r/q ′, s/p ′),
• Tp,q ∪C2 (= Sp,q), with exteriorM(0, 1+ gcd(p,q); s/p ′),
• Tp,q ∪C1 (∼ Sq,p), with exteriorM(0, 1+ gcd(p,q); r/q ′),
• Tp,q ∪C1 ∪C2 (= Rp,q), with exteriorM(0, 2+ gcd(p,q); ), or
• KCn, the (n+ 1)-component key-chain link, with exteriorM(0,n+ 1; ). 
In particular, a Seifert-fibered link exterior is always fibered over a genus-0 surface B with at
most two singular fibers. Note that the effect of adding a component Ci to the link is to drill out a
neighborhood of a singular fiber, leaving one more boundary component in B.
It will be useful to understand the relationship between a Seifert-fibered link and the fibering
on its exterior. We describe this in the case of a nontrivial torus knot Tp,q and leave the general
case to the reader. The space S3 − (C1 ∪ C2) is homeomorphic to S1 × S1 × (0,∞). Foliating the
torus by copies of Tp,q gives a trivial S1-bundle structure on this space. We thus see S3 as a Seifert
fibered manifold over S2 with C1 and C2 as singular fibers. With r and s as in Proposition 2.7 with
p ′ = p and q ′ = q, one can see that at least up to the choice of orientation, the fiber slopes are r/q
and s/p, since
(
p s
q r
)−1
=
(
r −s
−q p
)
.
2.5. JSJ decompositions of 3-manifolds and splicing of knots and links. We now review the JSJ
decomposition of an irreducible 3-manifold M, due to Jaco, Shalen [JS78, JS79], and Johannson
[Joh79], mainly when M is the exterior of a link in S3. The relevant version is the decomposition
of M along a collection T of incompressible, non-boundary-parallel tori such that each piece is
Seifert-fibered or atoroidal [Hat07, Theorem 1.9]. By Thurston’s work, each non-Seifert-fibered
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piece can be given the structure of a hyperbolic manifold of finite volume [Thu82]. In general,
the JSJ decomposition is represented by the JSJ graph, where a vertex is labeled by the closure of a
component of M− T and an edge represents a torus in T . The Jordan curve theorem implies that
ifM is a submanifold of S3, the JSJ graph is a tree.
In more detail, suppose M = CF is the complement of a ~0-framed link F, or equivalently the
exterior of the link f associated to F. Each vertex v in the JSJ graph GF of CF represents a sub-
manifold Mv ⊂ S3 with ∂Mv a union of tori. We also write GF(v) := Mv. The vertex v such that
∂CF ⊂ Mv is designated as the root of GF. Each Mv is diffeomorphic to the complement of a
nontrivial, irreducible (~0-framed) k-component link Lv in S3 [Bud06, Proposition 2.4]. We call Lv
a Seifert-fibered link or hyperbolic link according as Mv is Seifert-fibered or hyperbolic. Call either
such type of link simple. Replacing the label Mv of each vertex v in the JSJ tree of M by the label
Lv yields the companionship tree of the link f, or equivalently of the framed link F. We denote this
tree by Gf or GF, and we also write GF(v) := Lv. The unframed isotopy classes of the links Lv are
uniquely determined. (If CL and CL ′ are glued along boundary tori corresponding to link compo-
nents Li and L ′j, the framings of Li and L
′
j may be simultaneously altered to yield the same result.)
This decomposition of F into the Lv, called the satellite decomposition, goes back to Schubert [Sch53],
though its uniqueness is due to Jaco, Shalen, and Johannson. See Figure 6, as well as Section 6, for
Gf in various examples of links f.
(a)
(b)
(c)
Borr
Borr
Borr
FIGURE 6. (a) The Borromean rings Borr, a hyperbolic KGL. (b) Milnor’s n-
component Brunnian link f for n = 5. (c) The companionship tree Gf of f, which is
a linear tree on 3 (= n− 2) vertices.
To a certain extent, the gluing together of link complements GF(v) can be reinterpreted in terms
of composition of embeddings related to GF(v). Suppose that F = (F0, . . . , Fn) and M = CF has
∂M contained in one piece Mv of its JSJ decomposition. Let L = (L0, . . . ,Ln+r) be the link whose
complement CL is Mv. Then M is obtained from CL by gluing knot complements M1, . . . ,Mr to
some of the boundary tori T1, . . . , Tn+r of CL. After relabeling, we may assume that Mi is glued
to CL along Tn+i. EachMi = CKi for some nontrivial framed knot Ki, and (essentially by Alexan-
der’s theorem on tori in S3) a longitude of Ki is glued to a meridian of Tn+i, while a meridian of
Ki is glued to a longitude of Tn+i. EachMi may itself have a nontrivial JSJ decomposition.
Then for i = 1, . . . ,n, we can identify Fi with Li, and the component F0 is given by
F0 = (Hr ◦Kr ◦H−1r ) ◦ · · · ◦ (H1 ◦K1 ◦H−11 ) ◦ L0 (3)
where Ki ∈ K˜ is a framed long knot whose closure is Ki ∈ L˜, and where Hi is an embedding
of I ×D2 such that Hi|{0}×∂D2 = Ln+i. By disjointness of the supports of the Hi, the order of
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composition of the parenthesized terms above is inconsequential. We say that F is the result of
splicing the framed knots (K1, . . . ,Kr) into the link L along the components Ln+1, . . . ,Ln+r, or the
result of a satellite operation. We write F = (∅, . . . ,∅,K1, . . . ,Kr) ./ L. This is a variation of Budney’s
notation [Bud06, Definition 4.8] which for n = 0 agrees with his. (Beware that some authors may
use the term satellite operation for just the special case where n = 0 and r = 1.) One may think of
the knots K1, . . . ,Kr as inputs for the link L (so the notation is read in the reverse order from the
commonly used function notation f(x)). Graphically, it says that the result of removing the vertex
labeled L from GF is the disjoint union of the trees GKi .
For links J1, . . . , Jr each with a distinguished component Ji,0, we write F = (∅, . . . ,∅, J1, . . . , Jr) ./
L in the analogous situation whereCKi replaced byCJi and with the gluing done along the bound-
ary torus corresponding to Ji,0. The embedding F0 is given by (3), with Ki replaced by Ji,0. Again,
the component of ∂CL corresponding to L0 is the component of ∂CF corresponding to F0.
In establishing the induction step in our Main Theorem, we will use not justGF but an arbitrary
choice of a distinguished component F0, which makesGF rooted. As in Figure 6, we have modified
the conventions forGF (and thusGF) in [Bud06] by adding half-edges to each vertex v, joined only
to v, to represent the tori in ∂Mv that also lie in ∂CF. Call such half-edges leaf half-edges, and call
the one corresponding to the distinguished component the root half-edge. So if F is a knot, the only
leaf half-edge is the root half-edge. We also omit the edge-orientations used in [Bud06] (which
indicate which side of a torus, if any, is a knot complement rather than a solid torus).
Remark 2.8 (Assumptions on F = (∅, . . . ,∅, J1, . . . , Jr) ./ L). The symbol F = (∅, . . . ,∅, J1, . . . , Jr) ./
L could be interpreted for arbitrary links L, J1, . . . , Jr. In some cases it will produce split links or
links in 3-manifolds other than S3, and in some cases it will not correspond to a subdecomposi-
tion of CF. (For example, for a knot J, F = (J, (J, J) ./ KC2) ./ KC2 could be interpreted to mean
F = (J, J, J) ./ KC3, but only the latter expression could correspond to part of the JSJ decomposi-
tion of CF.) To guarantee the validity of our theorem statements, we will write this expression to
mean that F is an irreducible link in S3 and L labels a vertex of GF. So for example, no Ji may be
an unknot or Hopf link or split link, and the operation F = (J, (J, J) ./ KC2) ./ KC2 will not be
considered.
A complete characterization of the possible link-labelings of companionship trees for links in
S3 is given in [Bud06, Proposition 4.20, Proposition 4.29]. For us, it suffices to note that if n = 0
and (J1, . . . , Jr) ./ L is a knot in S3, then L must be a (simple) knot generating link or KGL, meaning
an (n + 1)-component link (L0,L1, . . . ,Lr) such that the n-component sublink (L1, . . . ,Lr) is the
unlink; see [Bud06, Proposition 2.2, Definition 4.4]. One allows r = 0: a simple (nontrivial) KGL
is either a torus knot or a hyperbolic knot. For a simple KGL (L0,L1, . . . ,Lr) with r > 0, L0 may or
may not be the unknot. More generally, if (∅, . . . ,∅, J1, . . . , Jr) ./ L is a link in S3 and the Ji are all
knots, then the sublink (L0,Ln+1, . . . ,Ln+r) must be a KGL.
3. ASPHERICITY OF VARIOUS EMBEDDING SPACES
In this section, we deduce asphericity results for all four embedding spaces L˜F/SO4,Lf/SO4, Tf,
and Vf, in Proposition 3.3, Proposition 3.4, Proposition 3.5, and Corollary 3.7 respectively. In doing
so, we also describe the relationships between L˜F/SO4 and the other three spaces. At the level of
pi1, each of these three is the quotient by loops of meridional rotations along certain components.
We begin with an elementary relationship between framed closed knots in S3 and long knots in
Proposition 3.1. Its relevance is that the meridional rotations appearing in the remaining results
of this section can thus be viewed as generalizations of Gramain loops of long knots.
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3.1. Closed knots in the 3-sphere, long knots, and the Gramain loop. We will now observe a
relationship between the space L˜ of framed links in S3, and the space K˜ of framed long knots.
Recall that we view framed embeddings as thickened embeddings. We use the closure map K˜ →
L˜, F 7→ F, and the fibration K˜→ K, F 7→ F|I×{0} given by restricting to the core. In Proposition 3.1
below, part (a) is related to [Hat02b, p. 8] and [BC09, Proposition 4.1]. Part (b) is essentially how
Gramain established the nontriviality of his eponymous loop [Gra77]. Part (c) is implicit when
comparing Hatcher’s results on closed knots in L(1) and Budney’s results on long knots in K.
Proposition 3.1. Let F be a framed long knot (with any framing number).
(a) The maps
L˜F/SO4 ← K˜F → Kf (4)
given by closure and restriction to the core are both homotopy equivalences.
(b) The loop µ0 of meridional rotations in L˜F corresponds to the Gramain loop gf given by spinning a long
knot around the long axis, via the isomorphism pi1(L˜F/SO4) ∼= pi1(Kf) induced by (4).
(c) The loop λ0 of reparametrizations in L˜F corresponds to the Fox–Hatcher loop in Kf.
Proof. We first prove (a). Given G ∈ L˜F, we can apply an element in SO4 to give G a prescribed
value and tangent vector to the core at (1, 0) ∈ S1 ×D2. By Gram–Schmidt, we can perform
a homotopy of G so that dG(1,0) = id ∈ SO3. Finally, we can perform a further homotopy of
G to have prescribed values and derivatives on all of {1} × D2. This allows us to construct a
homotopy inverse to K˜F → L˜F/SO4, so the left-hand map is an equivalence. Next, we have
K˜ ' ΩSO2 ' Z×K, where Z gives the framing number and where the right-hand map in (4) is
the projection to K. Thus K˜F ' {n}×Kf for some n ∈ Z, so K˜F ' Kf.
We now prove (b). Since K˜F → Kf is a fibration inducing an isomorphism on pi1, the loop gf
on Kf given by spinning around the long axis lifts to a loop gF on K˜F. We cannot realize this lift
by merely “spinning” the thickened knot (for framed long knots are the identity on ∂I×D2), but
we can combine this motion with a simultaneous meridional rotation in the opposite direction to
realize gF.6 The image of gF in L˜F is then given by the product, in any order, of a loop of rotations
in SO4 (spinning the thickened knot) and a loop of meridional rotations. See Figure 7.
FIGURE 7. A framed knot F obtained as the closure of a framed long knot F. The
loop of rotations in SO4 along the circle C2 ⊂ S3 (the large arrow) is the sum of a
meridional rotation of F (the small arrow) and the image gF of the Gramain loop in
L˜F. The support of gF lies in a copy of I×D2 inside S1 ×D2 = domain(F).
6The reader may find it amusing to realize gF using a knotted belt with anchored ends.
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For part (c), let G ∈ L˜F. First by a homotopy we may assume that dG(t,z) ∈ SO3 for all (t, z)
in the core S1 × {0}, where we now parametrize S1 by t ∈ [0, 1]. Then multiplying the loop λ0
pointwise by a loop αt ∈ SO4, t ∈ [0, 1], such that αt sends (G(t, 0),dGt,0) to (∞, id) gives a loop
of embeddings with fixed values and derivatives at the basepoint (though their images move in
S3). Since the derivatives at the basepoint are fixed, we may apply a further homotopy so that all
of {1}×D2 is fixed. This allows us to continuously realize the homotopy inverse L˜F/SO4 → K˜F
over all times in λ0 and see that upon the projection to Kf we obtain the Fox–Hatcher loop. 
We will say Gramain loop to refer to not only the loop of long knots, but also the associated loops
of framed long knots and framed closed knots. We will write e.g. gf, gF, and gF for these loops.
Remark 3.2. In [Bud10, Section 6], Budney essentially showed that Z〈gf〉 splits as a direct factor
of pi1(Kf). (He constructed a canonical map Kf → Z such that Z〈gf〉 → Kf → Z is ±n for some
n > 0. The construction inducts on the height of Gf, and the step producing n > 1 occurs when
f is an n-fold connected sum. Then Z〈gf〉 is the diagonal in a factor Zn. Since a generator of
the diagonal is primitive in Zn, Z〈gf〉 splits as a direct factor, even though the splitting is not
canonical.) We will generalize this splitting to multiple components in Theorem 8.1.
3.2. Asphericity results. We now turn to the asphericity results for the spaces L˜F/SO4, Lf/SO4,
Tf, andVf where F (or f) is an irreducible link. The next proposition is an immediate generalization
of a result of Hatcher [Hat99] from knots to links.
Proposition 3.3. Let F be an n-component framed link in S3, and let CF := S3 − imF. If F is a nontrivial,
irreducible link, then L˜F/SO4 is a K(pi, 1) space for the group pi0Diff(CF;∂CF).
Proof. Restricting diffeomorphisms of S3 to the image of the framed link F, we have the fibration
Diff(S3; imF)→ Diff+(S3)→ L˜F (5)
where a diffeomorphism of S3 fixing a codimension-0 submanifold must be orientation-preserving.
Now SO4 acts on the total space by composition, moreover freely if F is not the unknot, by the va-
lidity of the Smith conjecture [MB84]. Taking the quotient by this action yields the fibration
Diff(CF;∂CF)→ Diff+(S3)/SO4 → L˜F/SO4. (6)
The total space is contractible [Hat83], and since F is irreducible, the fiber has contractible compo-
nents [Hat76, Iva76, Iva79]. Thus the only nontrivial homotopy group of the base is pi1(L˜F/SO4) ∼=
pi0(Diff(CF;∂CF)). 
The next result about unframed irreducible closed links in S3 requires the classification of
Seifert-fibered link exteriors in Proposition 2.7. We closely follow arguments from Hatcher’s work
on the case of knots [Hat99, Hat02b]. Because of Proposition 3.1 (b), we may view the kernel below
as an analogue of the Gramain subgroup in the space of long knots.
Proposition 3.4. Let f be a nontrivial, irreducible link with n components. Then Lf/SO4 is a K(pi, 1)
space for the group pi0(Diff+(S3; f)), and there is an exact sequence of groups
{e}→ Zn → pi1(L˜F/SO4)→ pi1(Lf/SO4)→ {e} (7)
where F is any framed link representing f. The first map sends the i-th standard generator to a loop of
rotations along a meridian of the i-th component of F.
Proof. We first show that for any framed link F, there is a fibration
(S1)n → L˜F/SO4 → Lf/SO4. (8)
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Indeed, restricting a framed link from
∐
n S
1×D2 to∐n S1× 0 is a fibration L˜→ L which passes
to the quotients by SO4:
Emb(ν(f),S3; f)→ L˜/SO4 → L/SO4
The fiber Emb(ν(f),S3; f) over f is the space of tubular neighborhoods of f, which is homotopy
equivalent to the space of linear automorphisms of its (trivial) normal bundle [Hir76, Theorem
4.5.3]. It is thus equivalent to (ΩSO2 × S1)n ' Zn × (S1)n: each factor ΩSO2 ' Z measures the
framing on a link component, while each factor S1 measures rotations by the same angle in each
fiber of the normal bundle over a given component. Over each component Lf lie components
L˜F(~k) indexed by ~k ∈ Zn where ~k is the list of framing numbers. The space L˜F is just one such
component, so restricting to it yields the fibration (8). Its long exact sequence in homotopy estab-
lishes all of the exact sequence (7) except the injectivity of the first nontrivial map. The claimed
description of that map is however clear.
It remains to show the injectivity of the map pi1(S1) → pi1(L˜F/SO4), which will also establish
that Lf/SO4 is a K(pi, 1) space, since (S1)n is a K(pi, 1) space. It will be useful to view the long exact
sequence in homotopy of (8) as coming from a shifted version of this fibration, which essentially
comes from applyingΩ(−) to the total space and base. Let ν(f) be the tubular neighborhood im F
of the unframed link f, and letM := S3 −ν(f) (= CF). The shifted version comes from the fibration
Diff(M;∂M)→ Diff+(S3; f)→ Emb(ν(f),S3; f). (9)
Again, Emb(ν(f),S3; f) ' Zn × (S1)n, but an element of Diff+(S3; f) takes the longitude of a
component of f to a null-homologous curve in S3 − im(f), i.e. a curve that links trivially with f,
i.e. a curve representing ~0 ∈ Zn. Hence we may rewrite the fibration (9) as
Diff(M;∂M)→ Diff+(S3; f)→ (S1)n. (10)
Thus we want to show that the map
pi1((S
1)n)→ pi0(Diff(M;∂M))
(
∼= pi1(L˜F/SO4)
)
(11)
is injective. It is given by sending the i-th standard generator in pi1((S1)n) to a diffeomorphism τi
of M given by an annular Dehn twist along the meridian mi and supported in a collar neighbor-
hood of the i-th boundary torus.
Consider the effect of τi on pi1(M, xj) where xj lies in the j-th boundary component. Then
τi∗ = id if i 6= j and τi∗ is conjugation bymi if i = j. Considering all j together, we get a map
Zn →
n∏
j=1
Aut(pi1(M, xj)) (12)
which sends the i-th standard generator to (id, . . . , id, ci, id, . . . , id) where ci is conjugation bymi.
It suffices to check that (12) is injective, since it factors through the map Zn → pi0Diff(M;∂M).
Suppose (k1, . . . ,kn) ∈ Zn lies in the kernel of (12). Then (ck11 , . . . , cknn ) = (id, . . . , id). Thus for
each i,mkii is in the center of pi1(M, xi). SinceM is Haken, a theorem of Waldhausen [Wal67] says
that ifM is not Seifert-fibered, then the center of pi1(M, xi) is trivial. Thus if f is not Seifert-fibered,
mkii = e. Since M is a K(pi, 1) space [Hat07, Corollary 3.9] and a finite-dimensional manifold,
pi1(M, xi) is torsion-free. So ki = 0 for all i, and we are done.
So suppose M is Seifert-fibered. Then the base surface of M is a disk with n boundary compo-
nents, r > 0 singular fibers, and fiber data a1/b1, . . . ,ar/br. Thus
pi1(M, xi) ∼=
〈
{mj}
n−1
j=1 , {q`}
r
`=1, h
∣∣∣ [mj,h] = 1, [q`,h] = 1, qb`` ha` = 1〉
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where h corresponds to the fiber. Any central element in pi1(M, xi) must map into the center of
the quotient
pi1(M, xi)/〈h〉 ∼=
〈
{mj}
n−1
j=1 , {q`}
r
`=1
∣∣∣ qb`` = 1〉 .
which is a free product of copies of Z and Z/b`, generated by the mj and q`. Thus m
ki
i is trivial,
so again ki = 0 for all i. 
We finally describe the homotopy types of both T and V in terms of L˜ and L, thus establishing
their asphericity.
Proposition 3.5. Let f : S1 ↪→ S1 ×D2 be a knot in the solid torus such that the associated 2-component
link is irreducible. Then Tf is a K(pi, 1) space. Moreover, if F is the corresponding 2-component framed link,
then there is an exact sequence of groups
{e}→ Z→ pi1(L˜F/SO4)→ pi1(Tf)→ {e}
where the first map sends a generator to the meridional rotation µ0 of the knotted component.
Proof. Let T˜ be the space of framed knots in a solid torus, i.e. the space of embeddings S1 ×D2 ↪→
S1 ×D2. The framed link F ∈ L˜ corresponds to a framed knot in T˜, which by abuse of notation
we also call F. Let T˜F be its path component. By Lemma 2.1, Diff(S1 ×D2;∂) ' ∗, so an argu-
ment similar to the one in Proposition 3.3 can be used to show that T˜F is a K(pi, 1) for the group
pi0Diff(CF;∂CF), and there is a fibration S1 → T˜F → Tf, where the fiber corresponds to meridional
rotations. By the irreducibility assumption, L˜F/SO4 is a K(pi, 1) for the same group, and hence
T˜F ' L˜F/SO4. The only part of the claimed exact sequence that is not immediate is the injectivity
of the first map. However, Proposition 3.4 established the injectivity of a map Z2 → pi1(L˜F/SO4),
and the map in question is its restriction to a subgroup Z and hence injective. 
More geometrically, Tf is a K(pi, 1) space for the group pi0Diff(S1 ×D2; f ∪ ∂); we leave the re-
maining details to the reader. Proposition 3.5 and Corollary 3.6 show that Tf lies between L˜F/SO4
and Lf/SO4.
Corollary 3.6. For a knot f in the solid torus such that the associated 2-component link is irreducible, there
is a short exact sequence
{e}→ Z→ pi1(Tf)→ pi1(Lf/SO4)→ {e}.
Proof. This follows immediately from Proposition 3.4 and Proposition 3.5. 
Proposition 3.7. Let f be any knot in S1 × S1 × I. Then Vf ' Lf/SO4.
Proof. By Proposition 2.5, f corresponds to an isotopy class of link where the last two components
are the Hopf link. Let H denote the Hopf link, and consider the fibration
Vf → Lf → Lh
given by restricting an embedding to the last two components. Since f and h are not the unknot,
SO4 acts freely both Lf and Lh. By Lemma 2.2 and Proposition 3.3 part (a), the space LH of the
framed Hopf link satisfies LH/SO4 ' S1 × S1, where the factors of S1 correspond to meridional
rotations of the two components. By Proposition 3.4, Lh/SO4 ' ∗. Thus taking the quotient by
SO4 of the above fibration yields the fibration
Vf → Lf/SO4 → ∗
which completes the proof. 
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Proposition 3.7 applies even to knots f in S1× S1× I associated to split links. On the other hand,
our Main Theorem 1.1 does not cover split links. So for such f, it will be more effective to use
Corollary 7.3 and results on Embf(S1,D3) [BC09, Proposition 4.4] and Embf(R,R3) [Bud10].
4. SPACES OF SEIFERT-FIBERED LINKS
We now determine the homotopy types of spaces of Seifert-fibered links. The list of Seifert-
fibered links and their fiberings in Proposition 2.7 will be crucial here. Proposition 4.1 gives a
uniform result for L˜F/SO4. To ultimately understand the spaces Lf/SO4, we calculate quotients
by certain elements in Proposition 4.3. We then convert this into results on Lf/SO4 for all the
possible types of Seifert-fibered links f in Corollary 4.4. The results for Tf and Vf similarly follow
by taking the appropriate quotient of the group in Proposition 4.1. In these settings, the list of
possible Seifert-fibered links is much shorter. We describe generators of pi1 in many cases.
Proposition 4.1. LetM be a Seifert-fibered submanifold of S3 over a genus-0 surface with n+ 1 boundary
components and r singular fibers. (So n > 0 and 0 6 r 6 2.) Then
pi0Diff(M;∂M) ∼= Zn × PMod(Σn+10,r ) ∼= Z2n ×PBn+r.
Proof. Recall that Pn is the genus-0 surface with n+ 1 boundary components. A result of Johann-
son [Joh79, Proposition 25.3] (building on work of Waldhausen [Wal68, pp. 85-86]) says that forM
as above, there is an exact sequence of groups
{e}→ H1(Pn,∂Pn)→ pi0Diff(M;∂M)→ pi0Diff(Pn;∂Pn ∪ {x1, . . . , xr})→ {e} (13)
which splits as a semi-direct product (because ∂M 6= ∅). The right-hand map comes from the fact
that a diffeomorphism preserves the Seifert fibering, so it induces a diffeomorphism of the base.
Identifying the outer two groups gives
pi0Diff(M;∂M) ∼= Zn o PMod(Σn+10,r ) ∼= Z
n o (PBn+r ×Zn). (14)
Let Ti := Di × S1 be a boundary torus of M corresponding to an inner boundary component of
Pn. Johannson’s work shows that in the factor Zn ∼= H1(Pn,∂Pn), a generator is an annular Dehn
twist supported in a collar neighborhood of Ti, where the twist is along the fiber S1.
To verify that (14) is a direct product, first let r = 0. Then M = Pn × S1, and we can define a
right-inverse pi0Diff(M;∂M) → Zn to the first map in (13) as follows. This is the step where we
will use that the base surface of M has genus 0. Suppose the removed disks in Pn have centers
on the horizontal axis. Label the boundary components c0, . . . , cn, where c0 is the unit circle.
For j = 1, . . . ,n, let αj be the straight line segment from x := (i, 1) ∈ D2 × S1 to cj × {1}. For
f ∈ Diff(M;∂M), we can view [αj ∪−f(αj)] as an element of pi1(M, x). Let wj(f) be the winding
number of the image of αj ∪−f(αj) under the projection Pn × S1 → S1. That is, wj(f) is the image
of [αj ∪−f(αj)] ∈ pi1(M, x) under the projection Fn ×Z → Z. Define Φ : pi0(Diff(M;∂M)) → Zn
by Φ(f) = (w1(f), . . . ,wn(f)); this is the claimed right-inverse. Thus if r = 0, pi0(Diff(M;∂M)) ∼=
Z2n ×PBn.
To establish the direct product in the general case, suppose M is Seifert-fibered over Pn with
r singular fibers. Since M ⊂ S3, we have 0 6 r 6 2, though we need not use this fact. Let
M ′ be the result of removing tubular neighborhoods ν1, . . . ,νr of the singular fibers from M.
Then M ′ is the Seifert-fibered manifold M(0,n+ r; ). There is a homomorphism pi0Diff(M ′;∂) →
pi0Diff(M;∂) given by extending by the identity on the νi. From the case r = 0, this is a map
Zn+r × PMod(Σn+r0 ) → Zn o PMod(Σn0,r) which we view as a map of short exact sequences of
the form (13). From the description of generators above, it is surjective on both the left- and right-
hand terms of this sequence (with kernel Zr in both cases), hence surjective on all three terms,
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by the Four Lemma. It is then straightforward to check that this surjectivity and the splitting of
pi0Diff(M ′;∂) as a direct product implies the splitting of pi0Diff(M;∂) as a direct product. Hence
pi0Diff(M;∂) ∼= Z2n ×PBn+r. 
Corollary 4.2. Let F be an (n+ 1)-component framed link whose complement CF is Seifert-fibered over a
genus-0 surface with r singular fibers (and n+ 1 boundary components), where n > 0 and 0 6 r 6 2.
Then pi1(L˜F/SO4) ∼= Z2n ×PBn+r.
Proof. By Proposition 3.3, L˜F/SO4 is a K(pi, 1) space for the group Diff(CF;∂), which by Proposition
4.1 is Z2n ×PBn+r. 
Proposition 4.3. Let M be the exterior of a nontrivial (n + 1)-component Seifert-fibered link f that is
Seifert-fibered over a genus-0 surface with r singular fibers, where n > 0 and 0 6 r 6 2. Then the quotient
of pi0Diff(M;∂M) by the annular Dehn twists along the meridians of L is isomorphic to Zn−1 ×PBn.
Proof. Recall the structure of the Seifert fibering outlined at the end of Section 2.4. In particular,
the n+ 1 meridians of L are the boundary components of Pn, unless L is a key-chain link, in which
case, they are the n inner boundary components of Pn and the fiber.
If M is the complement of a key-chain link, then pi0Diff(M;∂M) ∼= Zn ×Zn × PBn, where the
meridional Dehn twists generate a subgroup Zn+1, with n copies from the left-hand factor of Zn
and one copy from the diagonal in the right-hand factor of Zn.
Now suppose M is the complement of any other nontrivial Seifert-fibered link. If n+ r < 2,
then sinceM is by assumption not the complement of the unknot, n = 1 and r = 0. By Proposition
2.7, M is then the complement of the Hopf link KC1. So we may suppose n + r > 2. Then n
of the meridional Dehn twists generate copies of Z in the left-hand factor of pi0Diff(M;∂M) ∼=
Z2n × PBn+r, while the last one generates Z(PBn+r). The group PBn+r/Z(PBn+r) is either
PMod(Σ0,n+r+1) or trivial, according as n+ r > 3 or n+ r = 2. The quotient of pi0Diff(M;∂M) is
then respectively Zn × PMod(Σ0,n+r+1) ∼= Zn−1 ×PBn+r or Zn ∼= Zn−1 ×PB2, as desired. 
Corollary 4.4. Let f be a Seifert-fibered link that is not the unknot.
(1) If f is a torus knot Tp,q (so p,q > 1 and gcd(p,q) = 1), then pi1(Lf/SO4) ∼= {e}.
(2) If f is a torus link Tp,q with n+ 1 > 2 components, none of which is an unknot (i.e. p/ gcd(p,q) >
1 and q/gcd(p,q) > 1), then pi1(Lf/SO4) ∼= Zn−1 ×PBn+2.
(3) If f is a Seifert link Sp,q with n + 1 components and p/ gcd(p,q) > 1, then pi1(Lf/SO4) ∼=
Zn−1 ×PBn+1.
(4) If f is a link Rp,q with n+ 1 components, then pi1(Lf/SO4) ∼= Zn−1 ×PBn.
(5) If f is the (n+ 1)-component keychain link, then pi1(Lf/SO4) ∼= Zn−1 ×PBn.
Proof. By Proposition 3.4, the groups in question are the quotients by meridional rotations given
in Proposition 4.3. Proposition 2.7 tells us the number r of singular fibers for each link. In case (1),
n = 0 and r = 2; in case (2), r = 2; in case (3), r = 1; and in cases (4) and (5), r = 0. (The extra
condition in cases (2) and (3) are needed to guarantee these values of r.) The five cases above are
all the possibilities (and they are disjoint), by Proposition 2.7 and the following facts:
• for n > 3, Tn,n ∼ Sn−1,n−1 ∼ Rn−2,n−2;
• for n > 2 and p ′ > 1, Tnp ′,n ∼ S(n−1)p ′,n−1 (and Tn,nq ′ ∼ Tnq ′,n); and
• S1,q is the Hopf link, while for n > 2, Sn,nq ′ ∼ Rn−1,(n−1)q ′ .
The Hopf link is covered by case (5) with n = 1, which yields the trivial group. 
We now describe explicit generators of pi1(Lf/SO4) in some special cases. See also Remark 4.7
below.
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In case (3) with gcd(p,q) = 1 (i.e. n+ 1 = 2), we have a (p,q)-Seifert link, and we can take as a
generator of PB2 ∼= Z a loop that reparametrizes C2 while leaving the knotted component fixed.
In case (4) with gcd(p,q) = 1, we have a 3-component link Rp,q, and we can take independent
reparametrizations of the unknotted components C1 and C2 as generators for Z×PB2 ∼= Z×Z.
In case (5) of KCn = (L0,L1, . . . ,Ln), we can take independent reparametrizations of all but
one of L1, . . . ,Ln as generators of the factor Zn−1. Let pij, 1 6 i < j 6 n be the standard gen-
erators of PBn. We can represent pij by a loop where Li passes through Li+1, . . . ,Lj counter-
clockwise, then Lj passes through Li counter-clockwise, and finally Li passes clockwise back
through Lj−1, . . . ,Li+1, returning to its original position.
FIGURE 8. The (2, 5)-Seifert link, which may also be regarded as a knot f in S1×D2.
Then pi1(Tf) ∼= Z〈λ,µ〉.
Remark 4.5. Our spaces of key-chain links are related to spaces of necklaces (certain types of
key-chain links) studied by Bellingeri and Bodin [BB16]. Because we quotient by SO4, the closest
connection is to their spaces of necklaces where L0 is fixed as C1. There are still some differ-
ences because they quotient by the group S1 × (Sn o S1) of relabelings and orientation-preserving
reparametrizations. Thus their fundamental group has no factors of Z and features braids rather
than pure braids. Also, the radii of their Li are bounded, which is like introducing an additional,
distinguished component Ln+1 = C2. Thus they get the braid subgroup B1,n < Bn+1 with in-
duced permutations fixing one point, a.k.a. the annular braid group. We will nonetheless see this
same group in Example 6.12.
Proposition 4.6. Let f be a knot in a solid torus whose complement is Seifert-fibered. If the associated
2-component link is the Hopf link, then Tf ' S1. Otherwise Tf ' S1 × S1.
Proof. LetM be the exterior of the knot f in S1 ×D2. By Proposition 3.5, Tf is a K(pi, 1) with pi1(Tf)
given by the quotient of pi0Diff(M;∂M) by a Dehn twist along the meridian of f.
First consider the case that f corresponds to the Hopf link. By Lemma 2.2, pi0Diff(M;∂M) ∼= Z2.
Its quotient by the Dehn twist along one of the components isZ, completing the proof in this case.
Now suppose f does not correspond to the Hopf link. By Proposition 2.4 and Proposition 2.7
(and the discussion before Proposition 2.7), f corresponds to the component Tp,q in the Seifert
link Sp,q where gcd(p,q) = 1 and p > 1. (This includes the possibility Sp,1 ∼ T2p,2 ∼ T2,2p.)
The link exterior M is Seifert-fibered over a genus-0 surface B with 2 boundary components and
one singular fiber. By Proposition 4.1, pi0Diff(M;∂M) ∼= Z3, generated by a Dehn twist along a
boundary component of B, a Dehn twist along the fiber, and a pure braid on 2 strands. The Dehn
twist along the meridian of f generates one factor of Z, so the quotient by it is Z2. 
Remark 4.7. Let f be the link Tp,q in its standard position on a torus (slightly thinner than U
so that f lies in the interior of U), e.g. as shown in Figure 8. There are loops µ, λ, and ρ given
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respectively by reparametrization (of all the components, “diagonally”), meridional rotation, and
longitudinal rotation. These give rise to loops in Lf. Let f ′ = Sp,q. If gcd(p,q) = 1, then we
can make sense of Tf ′ and loops µ, λ, and ρ in Tf ′ . In either case, they come from loops in SO4
given by
(
e2piit 0
0 1
)
,
(
1 0
0 e2piit
)
, and
(
e2piipt 0
0 e2piiqt
)
∈ C2×2, t ∈ [0, 1]. Both µ and λ
represent the generator in pi1Lf ∼= pi1SO4 ∼= Z/2. Since ρ ' pµ+ qλ, so does ρ if p+ q is odd,
while ρ is nullhomotopic if p+ q is even. This agrees with a result of Goldsmith [Gol82, Theorem
3.7]. In the case of Tf ′ , we cannot use SO4 to find a homotopy between any pair of the three, but
still ρ ' pµ+ qλ, so µ and λ generate pi1(Tf ′) ∼= Z2.
Proposition 4.8. Let f be a Seifert-fibered 3-component link which corresponds to a knot in the thickened
torus S1 × S1 × I. Then Vf ' S1 × S1.
Proof. The link f is precisely a 3-component link that contains the Hopf link as a sublink. Thus
possible cases include f = KC2 and f = Rp,q = Tp,q ∪ C1 ∪ C2 for any integers p and q. By
considering the linking numbers of components of Tp,q with each other and withC1 andC2, we see
that these are the only possibilities. (Note that S2,2q ∼ R1,q, and T3,3 ∼ S2,2 ∼ R1,1.) By Proposition
3.7 and Corollary 4.4, parts (4) and (5), Vf is a K(pi, 1) with fundamental group Z×Z. 
As generators of pi1(Vf) in the Seifert-fibered case, we can take longitudinal and meridional
rotations of the torus.
Example 4.9. The Seifert-fibered link T3,3 has the Hopf link as a sublink so gives rise to a knot in
S1 × S1 × I. See Figure 9. As for any such Seifert-fibered link, pi1(Vf) ∼= Z×Z by Proposition 4.8,
with generators given by longitudinal and meridional rotations of the torus.
FIGURE 9. The Seifert-fibered link T3,3 ∼ T2,2 ∪C2 ∼ T1,1 ∪C1 ∪C2, which gives rise
to a knot f in S1 × S1 × I, with pi1(Vf) ∼= Z〈λ,µ〉.
Example 4.10. The 3-component key-chain link KC2 also gives rise to a knot in S1× S1× I. Again,
pi1(Vf) ∼= Z×Z. For generators in this case, we can take a longitudinal rotation of the torus and
either a meridional rotation or reparametrization.
5. SPACES OF HYPERBOLIC LINKS
We now determine the homotopy types of spaces of hyperbolic links. Our starting point (Propo-
sition 5.1) is a special case of work of Hatcher and McCullough [HM97] where the boundary con-
sists of only tori. It quickly yields the homotopy type of spaces L˜F/SO4 of framed links (Corollary
5.2). We sketch its proof because we need it for a necessary refinement (Proposition 5.3) generaliz-
ing work of Hatcher [Hat99, Hat02b] from knots to links. That refinement gives us the homotopy
types of Lf/SO4 for hyperbolic links f (Corollary 5.4), as well as of the spaces Tf and Vf where
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applicable (Corollaries 5.5 and 5.6). Recall that hyperbolic links are precisely those irreducible
links whose complements have trivial JSJ decompositions and are not Seifert-fibered, so they are
the second basis subcase in Theorem 1.1. We conclude this section with a handful of examples.
Proposition 5.1 (Proposition 3.2 in [HM97]). Let M be a hyperbolic 3-manifold whose boundary is a
nonempty disjoint union of tori. Let R be a union of n > 0 components of ∂M. Let DiffR(M) be the group
of diffeomorphisms ofM whose restrictions to R are isotopic to the identity.
(a) There is a short exact sequence
{e} // pi1(Diff0(R)) // pi0(Diff(M;R)) // pi0(DiffR(M)) _

// {e}
Z2n Isom(M)
(15)
where the right-hand group is identified with a subgroup of the finite group Isom(M) of hyperbolic
isometries ofM.
(b) Moreover pi0(Diff(M;R)) ∼= H1(R; Z) ∼= Z2n.
Sketch of proof. Establishing (15) is similar to the proof of Proposition 3.4. The key is to obtain the
injectivity of the first map, much like the injectivity of (11). In this hyperbolic case, both meridional
and longitudinal Dehn twists are nontrivial (whereas in the general case, only the meridional ones
were guaranteed to be nontrivial, since a longitude may be central in pi1(CL) = pi1(M)). The
identification of pi0(DiffR(M)) comes from a variant of Mostow rigidity, and Isom(M) is finite
becauseM has finite volume in the case where ∂M consists of only tori.
The key to prove part (b) is to exhibit pi0(Diff(M;R)) as a subgroup ofR2n, which together with
part (a) suffices. We use this description to prove Proposition 5.3 below. The space Diff(M;R) is
the fiber of the map Diff(M)→ Diff(R), but it is also equivalent to its homotopy fiber, i.e.
Diff(M;R) ' {(ϕ,γ) : ϕ ∈ Diff(M), γ : I→ Diff(R) with γ(0) = ϕ|R and γ(1) = idR}.
We restrict our attention to pi0. By Mostow rigidity, we can take ϕ to be a hyperbolic isometry of
M and γ to be a path of rotations of the n boundary tori. Since a Riemannian isometry is locally
determined, and since the geometry of the boundary tori determine the geometry of their cusp
neighborhoods, ϕ is determined by ϕ|R ∈ (S1)2n. That is, the restriction ϕ 7→ ϕ|R is injective
on isometries. Since Isom(M) is finite, its image under this map is a discrete set in (S1)2n. We
then replace (ϕ,γ) by (ϕ|R,γ), and since the isometries have a discrete image, we may identify
pi0(Diff(M;R)) with equivalence classes of (ϕ|R,γ) up to homotopies of γ fixing both endpoints.
Finally, such equivalence classes correspond precisely to paths γ˜ in the universal coverR2n ending
at 0. So we have constructed an inclusion pi0(Diff(M;R)) ↪→ R2n, as desired. 
Specializing Proposition 5.1(b) to the case R = ∂M and applying Proposition 3.3 immediately
yields the desired calculation for framed links:
Corollary 5.2. Let F be an n-component framed link in S3 with hyperbolic complementM. Then
pi1(L˜F/SO4) ∼= Z
2n. 
Next, we consider unframed hyperbolic links, which involves a straightforward generalization
of work of Hatcher [Hat99, Hat02b] from hyperbolic knots to hyperbolic links.
Proposition 5.3. Let f be an n-component hyperbolic link in S3 with exteriorM. Then
pi0(Diff+(S3; f)) ∼= Zn.
28 ANDREW HAVENS AND ROBIN KOYTCHEFF
Proof. The fibration (10) yields the exact sequence
0 // pi1((S1)n)
ι // pi0(Diff(M;∂M)) // pi0(Diff+(S3; f)) // 0 (16)
where the first map sends the i-th standard generator to a Dehn twist along the i-th meridian. All
the groups are indeed abelian since by Proposition 5.1 the middle term is Z2n.
It suffices to show that the quotient is torsion-free. Suppose not. Then some µ = (a1, . . . ,an) ∈
Zn ∼= pi1((S
1)n) satisfies ι(µ) = k[ψ] for some ψ ∈ Diff(M;∂M) and some k > 1, with [ψ] nonzero
in pi0(Diff(M;∂M)) ∼= Z2n. We may suppose gcd(a1, . . . ,an) = 1, i.e. µ is not a proper multi-
ple. As in the proof of Proposition 5.1, we view pi0(Diff(M;∂M)) ∼= Z2n as a subgroup of R2n.
Under this identification, ι(µ) corresponds to (a1, . . . ,an, 0, . . . , 0) and hence [ψ] corresponds to
(a1/k, . . . ,an/k, 0, . . . , 0) (where we map R→ S1 by t 7→ e2piit).
Recall that this identification of [ψ] is obtained via the isometry ϕ ∈ Isom(M) that is homotopic
toψ (by a homotopy not fixing ∂M). One chooses a path γ fromψ toϕ, and γ|∂M is a path in (S1)2n
starting at (1, . . . , 1), which one lifts to a path in R2n starting at ~0. Then (a1/k, . . . ,an/k, 0, . . . , 0)
is the endpoint. The isometry ϕ is nontrivial since k > 1 and gcd(a1, . . . ,an) = 1. Since ϕ|∂M
consists of only meridional rotations, the extension of ϕ to S3 acts by the identity on L. But the
group of hyperbolic isometries is finite, so this extension ofϕ is an orientation-preserving periodic
diffeomorphism of S3 whose fixed point set contains L. This contradicts the Smith conjecture that
such a fixed-point set must be an unknot [MB84] (though for n > 1, one may simply apply Smith’s
theorem that the fixed-point set of such an action must be a knot [Smi39]). 
Corollary 5.4. For an n-component hyperbolic link f, Lf/SO4 ' (S1)n.
Proof. A hyperbolic link is necessarily irreducible, so by Proposition 3.4, Lf/SO4 is a K(pi, 1) for
the group Diff+(S3; f). By Proposition 5.3 this group is Zn. 
Corollary 5.5. If f is a 2-component hyperbolic link whose first component is unknotted, then Tf ' (S1)3.
Proof. Let M be the exterior of the link f in S3. By Proposition 5.2, pi0Diff(M;∂M) ∼= Z4. By
Proposition 3.5, Tf is a K(pi, 1), and pi1(Tf) is the quotient of pi0Diff(M;∂M) by a Dehn twist along
the meridian of the first component. One can now argue as in the proof of Proposition 5.3, but
with the subgroup of Dehn twists along just the first meridian, rather than both meridians. The
result is that the quotient is Z3. 
Corollary 5.6. If f = (f0, f1, f2) is a hyperbolic link where (f1, f2) is the Hopf link, then Vf ' (S1)3.
Proof. Apply Proposition 3.7 and Corollary 5.4. 
In each example below, we consider a hyperbolic link f corresponding to knots f ∈ T or f ∈ V.
In some cases, the hyperbolicity follows from a theorem of Menasco that a non-split, prime, non-
torus alternating link is hyperbolic [Men84]. In all cases, one can use software such as SnapPy
[CDGW] (based on SnapPea) or KLO [Swe] to verify that they are hyperbolic.
The key to understanding generators of pi1(Lf/SO4) for each link f is the exact sequence (15).
The right-hand side pi0(DiffR(M)) is the finite subgroup of isometries in the link’s symmetry group
Isom(M) which extend to diffeomorphisms of S3 preserving all the components of f and their ori-
entations. SnapPy reveals this group by computing Isom(M), as well as whether elements extend
to the link and their effects on boundary tori. By the validity of the Smith conjecture [MB84],
pi0(DiffR(M)) embeds in the space Diff+(S1) of symmetries of some component and hence must
be cyclic. By the validity of Thurston’s geometrization conjecture, the action of these symmetries
on S3 is equivalent to an action of a subgroup of SO4 (though this was known to be true in many
cases before geometrization was fully proven). This together with basic facts about lattices im-
plies that in general, one generator of pi1(Lf/SO4) is some fraction of an integer combination of
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the loops of reparametrizations λi. A generating set consists of this element together with all but
one of the λi.
To describe generators for pi1(Tf/SO4) ∼= Z3 (when applicable), we start with the two generators
for pi1(Lf/SO4), where we view λ1 as a meridional rotation of the solid torus. The third generator
is simply given by the longitudinal rotation of the solid torus.
Example 5.7 (The Whitehead link). The full symmetry group Isom(M) of the Whitehead link
exteriorM is the dihedral groupD4 of order 8. All of these extend to the link, and the effect on the
i-th oriented component corresponds to the effect ofD4 on the i-th standard basis vector. (One can
realize a Z/2⊕Z/2 subgroup in the leftmost picture in Figure 10 via the 180◦ rotations around
the three coordinate axes as generators.) Thus the subgroup preserving the two components and
their orientations is trivial. So for generators of pi1(Lf/SO4), we can take reparametrizations of the
two components.
FIGURE 10. Two planar projections of the Whitehead link f, where pi1(Lf/SO4) ∼= Z〈λ0, λ1〉.
Example 5.8 (A hyperbolic link from the figure-eight knot). The full symmetry group Isom(M) of
the figure-eight knot exteriorM isD4. All of these isometries extend to the knot, by the theorem of
Gordon and Luecke that homeomorphisms of knot complements send a meridian to a meridian
[GL89]. Those preserving orientation form a subgroup D2 ∼= Z/2×Z/2.7 If f is the link L8n1
a.k.a. 8216 shown in Figure 11, then Isom(Cf) ∼= Isom
+(Cf) ∼= (Z/2)3, but the isometries which
extend to f form the Klein four group, given by 180◦ rotations in the coordinate axes, much like
the orientation-preserving isometries of the figure-eight knot complement. They all preserve the
two components, but the subgroup preserving orientations of the components is Z/2, given by
the rotation in the plane. Thus pi1(Lf/SO4) ∼= Z〈 12(λ0 + λ1), λ0〉 ∼= Z〈 12(λ0 + λ1), λ1〉, where the
loop 12(λ0 + λ1) can be visualized by a path of rotations in the plane (which is trivial modulo SO4)
followed by a path of reparametrizations of each component by pi.
Example 5.9 (A hyperbolic link from the (2,k)-torus knot). For any odd k > 3, there is a hyper-
bolic link f with an unknot component and a (2,k)-torus knot component, as shown in Figure 12.
We have Isom(M) ∼= Isom+(M) ∼= Dk, with all isometries extending to the link and preserving
the two components. These symmetries are apparent from the picture. Those that preserve orien-
tations form a subgroup Z/k. Thus pi1(Lf/SO4) ∼= Z〈 1k(λ0 + λ1), λ0〉 ∼= Z〈 1k(λ0 + λ1), λ1〉, where
the first generator can be visualized by a path of rotations in the xy-plane by 2pi/k, followed by a
path of reparametrizations of both components by 2pi/k.
7ThisD2 < D4 is of course the subgroup containing the 180◦ rotation and reflections across the coordinate axes. The
isometry ofM corresponding to a reflection ofR3 (and an isotopy between mirror images of the knot) can be identified
with a reflection across a diagonal in D4.
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FIGURE 11. The hyperbolic link L8n1 a.k.a. 8216, which has one unknot compo-
nent and one figure-eight knot component. It has a symmetry preserving both
components and their orientations by rotating by pi in the plane. For this link f,
pi1(Lf/SO4) ∼= Z〈 12(λ0 + λ1), λ0〉 ∼= Z〈 12(λ0 + λ1), λ1〉.
FIGURE 12. The hyperbolic link L9a32 a.k.a. 9240, which has one unknot compo-
nent and one trefoil component. It has Z/3 symmetry preserving both compo-
nents and their orientations, given by rotation by 2pi/3 in the plane. For this link f,
pi1(Lf/SO4) ∼= Z〈 13(λ0 + λ1), λ0〉 ∼= Z〈 13(λ0 + λ1), λ1〉.
Example 5.10 (A hyperbolic link from the knot 818). For the link f shown in Figure 13, a similar
analysis as above applies, but with D4 and Z/4 rather than Dk and Z/k.
FIGURE 13. A hyperbolic link f with one unknot component and one 818 compo-
nent, and with Z/4 symmetry preserving both components and their orientations.
Thus pi1(Lf/SO4) ∼= Z〈 14(λ0 + λ1), λ0〉 ∼= Z〈 14(λ0 + λ1), λ1〉.
Example 5.11. The hyperbolic link L6a5 a.k.a. 631 contains the Hopf link as a sublink. See Figure
14. We have Isom(M) ∼= Isom+(M) ∼= D6. A D3 subgroup is clear from the picture, but Isom(M)
is an extension by D3 of Z/2 given by a 180◦ rotation along the meridian of a solid torus contain-
ing the link. However, there are no nontrivial symmetries preserving all three components and
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their orientations. Thus pi1(Lf/SO4) ∼= Z〈λ0, λ1, λ2〉. Equivalently, pi1(Vf) is generated by the two
rotations of the torus and reparametrization.
FIGURE 14. The link L6a5 a.k.a. 631 is a hyperbolic link corresponding to a knot in
S1 × S1 × I. This link f has pi1(Lf/SO4) ∼= Z〈λ0, λ1, λ2〉.
6. SPACES OF SPLICED LINKS
We will now complete the proof of Theorem 1.1, recursively determining the homotopy type
of L˜F/SO4 for any irreducible framed link F. Recall the notions of JSJ trees GF, companionship
trees GF, and the splicing operation ./ from Section 2.5. Suppose F has a nontrivial JSJ tree GF,
or equivalently, a nontrivial companionship tree GF. We arbitrarily choose a distinguished com-
ponent F0 of F. Its boundary lies in GF(vR) for some vertex vR in GF, now designated as the root.
Let L := GF(vR). Suppose vR has n+ 1 leaf half-edges (where n > 0) and r remaining half-edges.
Then L = (L0, . . . ,Ln+r) and
F = (∅, . . . ,∅, J1, . . . , Jr) ./ L.
As mentioned in Remark 2.8, by writing the expression on the right-hand side above, we imply
that it corresponds to a subdecomposition of the JSJ decomposition of CF. We visualize this sub-
decomposition as a tree shown in Figure 15, where the half-edges incident to a vertex v labeled by
a link Lv correspond to the components of Lv, and the one emanating downwards corresponds to
the distinguished component of Lv. The leaf half-edges correspond to components of F. This tree
is not GF unless all the Ji are Seifert-fibered or hyperbolic, but GF can always be obtained from it
by inserting each tree GJi into the vertex labeled by Ji. So we will call it a schematic of GF.
L
Jr
. . .
J2J1
. . .
FIGURE 15. A tree corresponding to the decomposition F = (∅, . . . ,∅, J1, . . . , Jr) ./
L. Inserting the tree GJi into each vertex labeled by Ji produces the tree GF.
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We will describe L˜F/SO4 in terms of the spaces L˜Ji/SO4. By repeating this process upward
along the tree GF from the root half-edge (corresponding to F0), we will obtain a complete de-
scription of L˜F/SO4. Indeed, consider induction on the maximum distance d from vR to any other
vertex in GF, counted by the number of edges in a path joining them. The basis case of d = 0 is
covered by Corollary 4.2 and Corollary 5.2. The description of L˜F/SO4 in terms of the L˜Ji/SO4 is
the induction step, and it will be given below. It varies by cases, according as L is Seifert-fibered
or hyperbolic. The Seifert-fibered case itself has two subcases, one for L = Sp,q or Rp,q and one
for L = KCn. The contents of the upcoming subsections, which all generalize Budney’s work on
knots [Bud10], are as follows:
• Section 6.1: Lemma 6.2, a result about splicing used in each of the remaining subsections.
• Section 6.2: the Seifert-fibered subcase generalizing cabling in Propositions 6.4 and 6.7.
• Section 6.3: the Seifert-fibered subcase generalizing connected sum in Proposition 6.9.
• Section 6.4: the case of hyperbolic splicing in Proposition 6.16.
In most of our examples of links F below, we label each edge or leaf half-edge of GF by the
two loops of rotations of the corresponding torus. These are non-constant loops in Lf/SO4, ex-
cept for the meridional rotations of boundary tori, which we parenthesize. Note however that in
pi1(Lf/SO4), this set of loops does not always extend to a generating set, and sometimes there are
relations among them.
The setting of arbitrary irreducible links F includes the special cases of those F corresponding to
knots in T or V. If F yields a knot in T, then GF has only one leaf half-edge in addition to the root
half-edge. Moreover, since the corresponding component is unknotted, one can attach a vertex
corresponding to a knot to obtain a knot in S3. Therefore, every vertex in GF is labeled by a KGL,
just as in the case of knots in S3, and we can think ofGF as the result of removing a non-root vertex
from the companionship tree of a knot (indeed many different ones). If F yields a knot in V, then
GF has two leaf half-edges in addition to the root half-edge. The corresponding components are
unknotted but linked, so one can attach a vertex labeled by a knot J to only one of these half-edges.
As a result, the links labeling vertices of GF need not be KGL’s, e.g., a vertex may be labeled by
Rp,q. If one is solely interested in the homotopy types of Tf and Vf, these properties ofGF in these
cases would only simplify the proofs of the results in this section by ruling out a few subcases.
6.1. A general lemma about splicing. We now set up the general framework which we will apply
to all of the relevant cases of splicing.
Definition 6.1. Suppose ~J = (J1, . . . , Jr), where each Ji is a link with a distinguished component
Ji,0. Let ι+0 (Ji) := Ji, and let ι
−
0 (Ji) be the result of reversing the orientation on Ji,0. Write ι
±
0 (Ji)
to mean either possibility. Define an equivalence relation ∼ on {J1, . . . , Jr, ι−0 (J1), . . . , ι
−
0 (Jr)} by
Ji ∼ ι
±
0 (Jk) if
• either Ji and ι±0 (Jk) are isotopic knots
• or i = k and Ji and ι±0 (Ji) are isotopic links.
The above two possibilities are not mutually exclusive, since knots are links. The relation ∼ gives
rise to a (Young) subgroup of S±r . Define S±(~J) to be this subgroup.
The following Lemma and its proof are a variant of Budney’s work [Bud10, Lemma 2.2] and
[Bud07, p. 20].
Lemma 6.2. Let F be a framed link in S3 with a designated component, so that the JSJ tree for its complement
CF is rooted. Let L = (L0, . . . ,Ln+r) be the companion link to the root manifold CL (so L is either Seifert-
fibered or hyperbolic). Let CJ1 , . . .CJr be the components of CF \ CL, and let J1, . . . , Jr be the associated
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companion links. Then there is an exact sequence of groups
{e}→
r∏
i=1
pi0Diff(CJi ;∂CJi)→ pi0Diff(CF;∂CF)→ pi0Diff(CL; T0 ∪ · · · ∪ Tn) (17)
where T0, . . . , Tn are the boundary tori of CL that are also boundary tori of CF.
The imageH of the rightmost map is represented by those diffeomorphismsψwhich extend to a diffeomor-
phism ψ˜ of the pair (S3,L) whose action on L1, . . . ,Ln+r is given by an element of S±(~J) < S±r < S
±
n+r.
Finally, the imageH admits a splitting, i.e., pi0Diff(CF;∂CF) ∼= Hn
∏r
i=1 pi0Diff(CJi ;∂CJi) where the
action on H is via the composition H→ S±(~J) ↪→ S±r .
We can restate the condition that ψ˜ acts by S±(~J) by saying that ψ˜ fixes L0, . . . ,Ln and for any
i,k ∈ {1, . . . , r}, if ψ˜(Ln+i) = ±Ln+k then Ji ∼ ι±0 (Jk). In other words, the relation induced by
the action of ψ is at least as fine as the relation ∼. In general, H → S±(~J) need not be injective or
surjective.
Proof. Let Diff(CF,CL;∂CF) be the space of diffeomorphisms which preserve CL setwise and fix
∂CF pointwise. First, we claim that Diff(CF;∂CF) ' Diff(CF,CL;∂CF). Let Tn+1, . . . , Tn+r be the
tori separating CL from CJ1 , . . . ,CJr . There is the following inclusion of fibrations, which are not
necessarily surjective on path components:
Diff(CF;∂CF ∪ ∂CL) // Diff(CF,CL;∂CF) _

// Diff(Tn+1 unionsq · · · unionsq Tn+r) = Sr oDiff(S1 × S1) _

Diff(CF;∂CF ∪ ∂CL) // Diff(CF;∂CF) // Emb(
∐r
i=1 Ti,CF)
The right-hand vertical map is given by post-composing by the inclusion. The uniqueness up to
isotopy of the tori in the JSJ decomposition together with the fixing of ∂CF guarantee that the im-
age of the lower-right hand horizontal map is contained in the components hit by the composition
from Diff(CF,CL;∂CF). Hatcher’s theorem on spaces of incompressible surfaces in 3-manifolds
guarantees that the right-hand vertical inclusion is a homotopy equivalence on each component
in the image. Thus the middle inclusion is an equivalence, proving the claim.
The long exact sequence in homotopy for the fibration
r∏
i=1
Diff(CJi ;∂CJi)→ Diff(CF,CL;∂CF)→ Diff(CL; T0 unionsq · · · unionsq Tn)
then yields at pi0 the three nontrivial terms in the desired exact sequence. It only remains to check
that pi1Diff(CL; T0 ∪ · · · ∪ Tn) is trivial. This in turn can be seen from the fibration
Diff(CL;∂CL)→ Diff(CL; T0 unionsq · · · unionsq Tn)→ Diff(Tn+1 unionsq · · · unionsq T`).
The fiber is aK(pi, 0) space, so it suffices to see that the map pi1Diff(Tn+1unionsq· · ·unionsqT`)→ pi0Diff(CL;∂CL)
is injective. If CL is Seifert-fibered, the injectivity is clear from the descriptions of generators of
pi0Diff(CL;∂CL) in the proof of Proposition 4.1. If CL is hyperbolic, this injectivity is part of the
sequence (15) in the Hatcher–McCullough result, Proposition 5.1. Hence the exact sequence (17)
is established.
We now show that elements in the image H satisfy the conditions in the lemma statement. Let
[ψ] ∈ H < pi0Diff(CL; T0∪ · · ·∪ Tn) be the image of [ϕ] ∈ pi0Diff(CF,CL;∂CF). Sinceϕ extends to an
orientation-preserving diffeomorphism of the pair (S3,L) which fixes L0, . . . ,Ln, so must ψ. Call
this mutual extension ψ˜. Then ψ˜ yields an element σ ∈ pi0Diff(Ln+1 unionsq · · · unionsq Ln+r) ∼= S±r , where
the action of −1 on Ln+i is given by reversing its orientation. We check that σ ∈ S±(~J). Indeed,
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the restriction of ψ˜ to the i-th component (S3,Ln+i)
∼=→ (S3,±Ln+k) gives rise (via (S3, Tn+i)
∼=→
(S3,±Tn+k) and (S3,CJi)
∼=→ (S3,±CJk)) to a diffeomorphism of pairs (S3, Ji) → (S3, ι±0 (Jk)). The
latter gives an isotopy between Ji and ι±0 (Jk), since Diff
+(S3) is connected. Moreover, if Ji has
more than one component, then at least one component T of ∂CJi lies in ∂CF. So ϕ must preserve
T and hence ψ˜ preserves Ln+i (though it may act by −1 on Ln+i). In other words, only the Ji that
are knots can be permuted. Thus the action of σ identifies only ι±0 (Ji) in the same equivalence
class under relation ∼, so σ ∈ S±(~J).
Finally, we check that if ψ ∈ Diff(CL; T0 ∪ · · · ∪ Tn) satisfies the conditions in the lemma state-
ment, then [ψ] ∈ H. So suppose ψ extends to a diffeomorphism of the pair (S3,L) which fixes
L0, . . . ,Ln and whose action on Ln+1, . . . ,Ln+r is given by σ ∈ S±(~J). Then ψ gives rise to a
diffeomorphism in Diff(CF;∂CF) by choosing for each i a diffeomorphism CJi → ±CJk , where
σ(i) = ±k. This establishes both the desired description of H and the splitting as a semi-direct
product. 
As in Sections 4 and 5, we will give our results in terms of homotopy types of spaces, rather
than fundamental groups. So we will apply the classifying space functor B(−) to exact sequences
involving the discrete groupsG = pi0Diff(CF;∂CF) to understand the correspondingK(G, 1) spaces
L˜F/SO4. For splices into key-chain links and hyperbolic links in Sections 6.3 and 6.4, it will help
to understand how B(−) interacts with a semi-direct product. Let G be a discrete group. Suppose
G = KoH. Then
BG ' EH×H (E(KoH)/K) ' EH×H BK. (18)
The bundle EH → BH is the universal cover of BH, and H acts on EH by Deck transformations.
The action of H on BK is induced by the map H→ Aut(K) from the semi-direct product. Suppose
the latter map factors through a surjection H H ′′ → Aut(K) with H ′ := ker(H→ H ′′). Then the
quotient EH× BK → EH×H BK factors through EH/H ′ × BK ' BH ′ × BK, and we can simplify
the right-hand side of (18) as
BG ' BH ′ ×H ′′ BK
where the action of H ′′ on the left-hand factor is by Deck transformations of the covering space
BH ′ → BH, and the action on the right-hand factor is induced by automorphisms of K. We record
the result:
Lemma 6.3. Suppose thatG = KoH, and letH ′ andH ′′ be the kernel and image of the mapH→ Aut(K).
Then BG ' BH ′ ×H ′′ BK. 
For example, if G is the nontrivial semi-direct product ZoZ, then
BG ' R×Z S1
where Z acts by translation on R and complex conjugation on S1. Since Z → Aut(Z) has image
isomorphic to Z/2 and kernel 2Z ∼= Z, the above expression simplifies to
BG ' S1 ×Z/2 S1
where the actions are by rotation by pi and complex conjugation. Either space is the Klein bottle.
6.2. Generalizations of cables. We now apply Lemma 6.2 to the Seifert-fibered case. In this sub-
section, we first consider the case where L = (L0, . . . ,Ln+r) is Sp,q = Tp,q ∪C2, with any ordering
of the components (Proposition 6.4). This can produce links corresponding to knots in a solid
torus. We then consider the cases where L = (L0, . . . ,Ln+r) is Rp,q = Tp,q ∪C1 ∪C2 or Tp,q, again
with any ordering of the components (Proposition 6.7). The case L = Rp,q can produce knots in
a thickened torus. The operation (∅, . . . ,∅, J1, . . . , Jr) ./ L will not always produce a link in S3
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(though it produces a link in some 3-manifold). For example, if the Ji are all knots, it does only
if r = 1 and Ln+r is an unknot. We assume that F ∈ L˜ is the result of such an operation, without
considering the conditions in which this operation produces a link in S3. We leave key-chain links
for the next subsection.
Proposition 6.4. Suppose that gcd(p,q) = n + r so that Sp,q has n + r + 1 components, and F =
(∅, . . . ,∅, J1, . . . , Jr) ./ Sp,q. Then
L˜F/SO4 ' Conf(n+ r+ 1,R2)× (S1)2n ×
r∏
i=1
L˜Ji/SO4
where the factor (S1)2n corresponds to meridional and longitudinal rotations of L1, . . . ,Ln.
The case r = 0 is already covered by Proposition 4.2, and the only other case relevant to T or
V is when n = 0 and r = 1. That is, gcd(p,q) = 1, Sp,q is a 2-component (p,q)-Seifert link, and
F = J ./ Sp,q. In this case,
L˜F/SO4 ' S1 × L˜J/SO4
which when J is a knot recovers the result [Bud10, Theorem 2.3], since L˜J/SO4 ' Kj and L˜F/SO4 '
Kf.
Proof. Write L = (L0, . . . ,Ln+r) for Sp,q. Lemma 6.2 gives us the exact sequence
{e}→
r∏
i=1
pi0Diff(CJi ;∂CJi)→ pi0Diff(CF;∂CF)→ pi0Diff(CL; T0 ∪ · · · ∪ Tn) (19)
and the semi-direct product pi0Diff(CF;∂CF) ∼= Hn
∏r
i=1 pi0Diff(CJi ;∂CJi) where H is the image
of the right-hand map above.
We first determine pi0Diff(CL; T0 ∪ · · · ∪ Tn). The manifold CL is Seifert-fibered over the surface
Pn+r = D
2 − (D1 unionsq · · · unionsqDn+r) with one marked point x corresponding to the singular fiber. The
analysis is similar to that in the proof of Proposition 4.1. By work of Waldhausen [Wal68, pp. 85-
86], Diff(CL) is equivalent to the space of diffeomorphisms which respect the Seifert fibering. Since
an element of Diff(CL; T0 ∪ · · · ∪ Tn) fixes the remaining boundary components Tn+1, . . . , Tn+r set-
wise, this implies that Diff(CL; T0 ∪ · · · ∪ Tn) fibers over the subspace of Diff(Pn;∂Pn ∪ {x}) which
setwise fixes the centers {y1, . . . ,yr} of the disks Dn+1, . . . ,Dn+r. At the level of pi0, we then have
the exact sequence
{e}→ Zn → pi0Diff(CL; T0 ∪ · · · ∪ Tn)→ Zn ×B1,...,1,r → {e} (20)
where B1,...,1,r < Bn+r is the preimage of the Young subgroup (S1)n ×Sr < Sn+r under the
canonical map Bn+r → Sn+r. That is, the image in (20) consists of braids on n+ r strands whose
induced permutations fix the first n points and which are equipped with framings on the first n
strands. The kernel of (20) is analogous to that in (13): it is identified with H1(Pn) and generated
by Dehn twists along the fibers S1 of T1, . . . , Tn. As in the proof of Proposition 4.1, we obtain a
splitting of this fibration. Thus pi0Diff(CL; T0 ∪ · · · ∪ Tn) ∼= Z2n ×B1,...,1,r.
We now consider the image H of the last map in (19). Because any pair of components of Sp,q
link nontrivially and F is a link in S3, at most one of the Ji can be a knot. Then by Definition 6.1
and Lemma 6.2, a map [ψ] ∈ H < pi0Diff(CL; T0 ∪ · · · ∪ Tn) must induce the identity permutation
of Ln+1, . . . ,Ln+r. It must also preserve their orientations because of the nontrivial linking, so ψ
induces the identity in S±r . Thus H = Z2n × PBn+r < Z2 ×B1,...,1,r. Moreover, the action of H
on the kernel in (19) is by the identity in S±r . Hence the associated semi-direct product is a direct
product. Applying the classifying space functor B(−) and Proposition 3.3 completes the proof. 
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In the next two examples, gcd(p,q) = 1 and (L0,L1) = Sp,q, and we take L0 = Tp,q.
Example 6.5 (Cables of knots). Let F := J ./ Sp,q be a (framed) (p,q)-cable of a (framed) knot J.
We consider the classes in pi1(Lf/SO4) of several canonical loops. Consider the following solid
tori containing J. Let U be the standard unknotted one (or a slight thickening thereof) and let W
be a thinner one knotted into the shape of J. The loops µ and λ of meridional and longitudinal
rotations of U each generate pi1(SO4). Let µ ′ and λ ′ be the loops of meridional and longitudinal
rotations ofW. Then λ0 = qµ ′ + pλ ′.
If J is the figure-eight knot, then pi1(L˜F/SO4) ∼= Z〈µ0,µ ′, 12λ〉, and pi1(Lf/SO4) ∼= Z〈µ ′, 12λ〉,
where 12λ can be visualized by rotating the last picture in Figure 16 by 180
◦ in the plane and then
rotatingW longitudinally by 180◦. If J is a knot Tr,s, pi1(Lf/SO4) ∼= Z〈µ ′〉 because λ = sµ+ rλ.
In general, µ ′ is called “rotation of the cabling parameter” in [Bud10, Section 5]. Modulo SO4,
we can also view µ ′ as the Gramain loop gJ. For any nontrivial knot J, pi1(Lf/SO4) ∼= pi1(L˜J/SO4).
J
Sp,q
J
λ0 (and µ0)
λ,µ
FIGURE 16. Left: schematic of J ./ S2,3 for a knot J using the long knot asso-
ciated to J. Center-left and center-right: the (2, 3)-cable of the figure-eight knot J
(with 0 framing, which agrees with the blackboard framings of the planar projec-
tions shown above, hence no extra twists appear). Right: (schematic of) GF. Here
pi1(Lf/SO4) ∼= Z〈µ, 12λ〉. See Example 6.5.
Example 6.6 (Cable of Whitehead link). Let F := Wh ./ Sp,q, the “(p,q)-cable” of the Whitehead
link Wh. Then pi1(L˜F/SO4) ' Z5, and pi1(Lf/SO4) ' Z3. To specify generators, take an embed-
ding of F in which the (p,q)-torus knot is in its standard symmetric position on a torus T . See
the first picture in Figure 17. Let U be the solid torus in S3 bounded by T which does not contain
the unknotted component. The loops of rotations µ ′ and λ ′ of U provide two generators. Then
pi1(Lf/SO4) ∼= Z〈λ1,µ ′, λ ′〉, where λ1 reparametrizes the unknotted component. For Tf, we have
pi1(Tf) ∼= Z〈µ1, λ1,µ ′, λ ′〉, where µ0 can be visualized using the second picture in Figure 17.
The proof of Proposition 6.4 is easily adapted to prove the next result. For Rp,q, we simply
remove the neighborhood of a singular fiber, which in the base surface of the Seifert fibering
corresponds to replacing a marked point by a missing disk. For Tp,q, we instead have an extra
singular fiber. As in Proposition 6.4, the labeling of the components L0, . . . ,Ln+r is not needed to
determine L˜F/SO4.
Proposition 6.7. Suppose that gcd(p,q) = n+ r− 1 so that Rp,q has n+ r+ 1 components. Let F =
(∅, . . . ,∅, J1, . . . , Jr) ./ Rp,q. Then
L˜F/SO4 ' Conf(n+ r,R2)× (S1)2n ×
r∏
i=1
L˜Ji/SO4.
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(a) (b)
μ'
λ'
λ
λ
μ
1
1
0
Wh
Sp,q
λ1 (and µ1)
λ ′,µ ′
λ0 (and µ0)
FIGURE 17. Two planar projections of the link F in Example 6.6 for (p,q) = (2, 3),
together withGF. Here pi1(Lf/SO4) ∼= Z〈λ1, µ ′, λ ′〉 and pi1(Tf) ∼= Z〈µ1, λ1, µ ′, λ ′〉.
Suppose that gcd(p,q) = n+ r+1 so that Tp,q hasn+ r+1 components. Let F = (∅, . . . ,∅, J1, . . . , Jr) ./
Tp,q. Then
L˜F/SO4 ' Conf(n+ r+ 2,R2)× (S1)2n ×
r∏
i=1
L˜Ji/SO4.
In either case, the factor of (S1)2n corresponds to meridional and longitudinal rotations of L1, . . . ,Ln.
This operation does not relate to T, since Rp,q has at least 3 components and, to obtain a link in
S3, a knot can be spliced along only one of them (since any pair of components links nontrivially).
One can however obtain links F corresponding to f ∈ V when gcd(p,q) = 1, n = 1, and r = 1. Let
L = (L0,L1,L2) = Rp,q, where we take L2 to be the knotted component. If F = (∅, J) ./ Rp,q, then
L˜F/SO4 ' (S1)3 × L˜J/SO4.
Such F gives rise to a knot f ∈ V if J is a 2-component KGL.
Example 6.8. Suppose gcd(p,q) = 1, and let L = (L0,L1,L2) be the link Rp,q where L2 is the knotted
component. Let F = (∅, Wh) ./ L where Wh is the Whitehead link. Then pi1(L˜F/SO4) ∼= Z5. The
link F corresponds to a knot in the thickened torus f. The knot f is a Whitehead double of Tp,q
embedded in a neighborhood of Tp,q in its standard position (see Figure 5 (b) and (c)), which we
then view as lying in a small neighborhood of the torus T := U ∩U ′ in the standard Heegaard
decomposition of S3. The group pi1(Vf) ∼= Z〈µ, λ, λ0,µ ′〉 generated by not only rotations of the
torus and reparametrization, but also a meridional rotation of the neighborhood of Tp,q.
6.3. Generalizations of connected sums. We now consider a generalization to links of a con-
nected sum of knots. In the next proposition, we label the components of KCn+r in any order. The
resulting link F will differ according as the special component lies among the first n+ 1 or last r
components. Nonetheless, the homotopy type of L˜F/SO4 is the same in the two cases, much like
the ordering of the components of Sp,q and Rp,q in Propositions 6.4 and 6.7 was inconsequential.
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Proposition 6.9. Let L = (L0, . . . ,Ln+r) be the (framed) (n+ r+ 1)-component key-chain link KCn+r.
Let F = (∅, . . . ,∅, J1, . . . , Jr) ./ KCn+r. Then
L˜F/SO4 ' (S1)2n ×
(
Conf(n+ r,R2)×S(~J)
r∏
i=1
L˜Ji/SO4
)
where S(~J) is the Young subgroup of Sr for the partition given by i ∼ k iff Ji and Jk are isotopic knots, and
where the factor (S1)2n corresponds to meridional and longitudinal rotations of the components L1, . . . ,Ln.
Note that in the partition ∼ above, links Ji with multiple components lie in singleton sets.
Proof. With L = KCn+r, F, and the Ji as above, let T0, T1, . . . , Tn be the tori which are in both ∂CL
and ∂CF. Let G := pi0Diff(CF;∂CF) and K :=
∏r
i=1 Ki :=
∏r
i=1 pi0Diff(CJi ;∂CJi). Lemma 6.2
gives a map pi0Diff(CF;∂CF) → pi0Diff(CL; T0, T1, . . . , Tn), and if H is the image of this map, then
G ∼= HnK.
We first describe H. As in the proof of Proposition 6.4, let B1,...,1,r < Bn+r be the preimage of
(S1)
n×Sr < Sn+r under the mapBn+r → Sn+r. By an argument analogous to the one given for
a Seifert link there, pi0Diff(CL; T0, T1, . . . , Tn) ∼= (Z2)n ×B1,...,1,r. A diffeomorphism in this group
acts on L by Sr < S±r because it fixes some component and preserves the +1 linking number of
the special component with the others. Moreover, it acts by projection to B1,...,1,r followed by the
canonical map to Sr. Let B(~J) < B1,...,1,r be the preimage of S(~J) under the map B1,...,1,r → Sr.
(Alternatively, it is the preimage ofS±(~J) under the compositionB1,...,1,r → Sr ↪→ S±r , withS±(~J)
is as in Definition 6.1.) Then by Lemma 6.2, H = Z2n ×B(~J).
We now consider the action of H on K in the semi-direct product. The factor Z2n acts trivially
on K, so G ∼= Z2n × (B(~J)n K). The action of B(~J) on K = ∏ri=1 Ki is given by the composition
B(~J)  S(~J) ↪→ Sr. The kernel of the surjection B(~J)  S(~J) is PBn+r = B1,...,1,1,...,1. By Lemma
6.3 with H = B(~J), H ′′ = S(~J), and H ′ = PBn+r, we have
L˜F/SO4 ' BG ' B(Z2n)×
(
B(PBn+r)×S(~J)
r∏
i=1
BKi
)
which yields the claimed boxed formula. 
If F is a link giving rise to a knot in T or V, then the special component of KCn+r must be one of
L0, . . . ,Ln+r (without loss of generality L0), for otherwise Fwould have no unknotted components.
For arbitrary links one could splice into KCn+r with different orderings of the components to
obtain different results. For example, F := (∅, J) ./ KC2 with L0 as the special component is a
link as shown in Figure 20 or 19. But F ′ := (∅, J) ./ KC2 with L2 as the special component is a
pair of parallel knotted and linked components. However, L˜F/SO4 ' L˜F ′/SO4, as guaranteed by
Proposition 6.9.
We now consider some special cases. In all the examples below, L0 is the special component of
KCn+r. Recall that for the framed 3-component key-chain link KC2, pi1(L˜KC2/SO4) ∼= Z
5.
Example 6.10 (Connect sum of knots). If n = 0 and r = 2, i.e. F := (J1, J2) ./ KC2, and both Ji are
knots, we recover Budney’s result for long knots, as ensured by Proposition 3.1. For distinct Ji,
pi1(L˜F/SO4) ∼= PB2 × pi1(L˜J1/SO4 × L˜J2/SO4)
while if the Ji are isotopic to the same knot J,
pi1(L˜F/SO4) ∼= B2 n (pi1(L˜J/SO4))2.
SPACES OF KNOTS IN THE SOLID TORUS, KNOTS IN THE THICKENED TORUS, AND LINKS IN THE 3-SPHERE 39
The action ofB2 on the right-hand factors is given by swapping them. The description of a genera-
tor p of PB2 most generalizable to n > 2 is a motion that first pulls J1 through J2 counter-clockwise
(thus swapping their positions) and then pulls J2 through J1 counter-clockwise. This can be visu-
alized using Figure 18 (a). Similarly, B2 is generated by just the first half of that motion. Passing
to the unframed knot f in either case means taking the quotient in pi1 by µ0, i.e. the diagonal in the
subgroup Z2 < pi1(L˜J1/SO4)× pi1(L˜J2/SO4) spanned by the Gramain loops of the factors.
If the Ji are distinct torus knots, as in Figure 18, then Lf/SO4 ' S1 × S1 and pi1(Lf/SO4) ∼=
PB2 ×Z. If J1 = J2 = Tp,q, as in Figure 21 (a) but taken as a knot in S3, then Lf/SO4 ' S1 ×Z/2 S1,
the Klein bottle, with pi1(Lf/SO4) ∼= B2nZ. For the generator ofZ in either case, we can take the
Gramain loop of either J1 or J2.
Consider a loop b1 that pulls J2 a full circle counter-clockwise by passing through J1, and a loop
b2 that moves J1 a full circle counter-clockwise by passing through J2. Each bi is equivalent to the
product of the Fox–Hatcher loop of Ji and possibly a loop of reparametrizations λ±10 . If both Ji
are torus knots, then b1, b2, p, and the loop λ0 of reparametrizations are all equivalent, since the
Fox–Hatcher loop of a torus knots is trivial modulo SO4. See Figure 18 (b). So any of these four
loops represent a generator of PB2. (On the other hand, in the presence of a second unknotted
component, each bi is a generator in a braid group; see Example 6.12.) If both Ji are torus knots,
then p = bi + λ0, so we can also take λ0 to generate the factor PB2.
(a) (b)
KC2
J2J1
λ0 (and µ0)
gJ2 = g
−1
J1
gJ1
FIGURE 18. Two planar projections of the link F from Example 6.10, with J1
as the cinquefoil and J2 as the trefoil, together with GF. Here pi1(LF/SO4) ∼=
Z〈λ0, gJ1 , gJ2〉, while pi1(Lf/SO4) ∼= Z〈λ0, gJ1〉.
Example 6.11. For n = 1, r = 1, i.e. F = (∅, J) ./ KC2we get
pi1(L˜F/SO4) ∼= Z〈λ1, µ1, λ0〉 × pi1(L˜J/SO4)
For J a torus knot,
pi1(L˜F/SO4) ∼= Z〈λ1, µ1, λ0, µ0〉
We could replace either µ0 or λ1 by the Gramain loop gJ of J, since modulo SO4, gJ + µ0 = λ1.
For J the figure-eight knot,
pi1(L˜F/SO4) ∼= Z〈λ1, µ1, λ0, µ0, 12(λ0 + λJ)〉
where λJ is a loop that pushes the unknotted component a full loop along the knot. It can also be
viewed as the Fox–Hatcher loop of the long figure-eight knot; see the first picture in Figure 20.
Passing to pi1(Tf)means taking the quotient by µ0. For a torus knot J, this space is homotopically
one dimension larger than the space of a torus knot in its most symmetric position in a solid torus.
Passing to pi1(Lf/SO4) means taking the quotient by µ1.
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KC2
J
λ0 (and µ0)
gJ = λ1 − µ0λ1 (and µ1)
FIGURE 19. Two planar projections of links F from Example 6.11 with J as the tre-
foil, together with GF. Here pi1(Lf/SO4) ∼= Z〈λ0, λ1〉.
KC2
J
λ0 (and µ0)
λJ, gJ = λ1 − µ0λ1 (and µ1)
FIGURE 20. Two planar projections of links F from Example 6.11 with J as the
figure-eight knot, together with GF. Here pi1(Lf/SO4) ∼= Z〈λ0, λ1, 12(λ0 + λJ)〉.
Example 6.12. More generally, let F = (∅, J1, . . . , Jr) ./ KCr+1, the result of splicing r knots into
the (r+ 2)-component key-chain link KCr+1. If the Ji are distinct, then
pi1(L˜F/SO4) ∼= Z
2 ×PBr+1 ×
r∏
i=1
pi1(L˜J/SO4)
View F0 as lying in the solid torus U. For i < j < r+ 1, the standard generators pij are described
similarly as for braids except that “strand k passes over strand ` to the right/left” corresponds to
“Jk passes through J` counter-clockwise/clockwise”. So pij is given by a motion where Ji passes
through Ji+1, . . . , Jj counter-clockwise, then Jj passes through Ji counter-clockwise, and finally Ji
passes clockwise back through Jj−1, . . . , Ji+1, thus returning to its original position. Each generator
pi,r+1 is given by Ji passing through all of the other knots, counter-clockwise, until it returns to its
original position. One may visualize the (r+ 1)-th configuration point at the center ofD2, with the
remaining points arranged in a circle around it. The full twist generating Z(PBr+1) corresponds
to the product of a loop µ1 of longitudinal rotations of U and the loop λ0 of reparametrizations of
F0.
If the Ji are copies of the same knot J, then
pi1(L˜F/SO4) ∼= Z
2 ×B1,r ×Sr pi1(L˜J/SO4)r.
where Sr permutes the last r points in a configuration in Conf(r + 1,R2) and the r factors of
L˜J/SO4. View B1,r now as the subgroup of Br+1 inducing permutations of {0, . . . , r} that fix 0. It is
isomorphic to the annular (or circular) braid group CBr on strands labeled {1, . . . , r}; see e.g. [KP02]
or [BB16]. Let βi,i+1 denote the generator of CBr that passes the i-th strand over the (i+ 1)-th
strand, with the subscripts lying in {1, . . . , r} and interpreted modulo r. Then βi,i+1 corresponds to
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(a) (b)
FIGURE 21. Knots f and g in a solid torus associated to (a) F = (∅, J, J) ./ KC3 and
(b) G = (∅, J, J, J) ./ KC4 where J is the trefoil. The fundamental groups are given
by (a) pi1(Tf) ∼= Z〈µ1〉 ×B1,2 nZ2 and (b) pi1(Tg) ∼= Z〈µ1〉 ×B1,3 nZ3, where B1,n
is the n-strand annular braid group. See Example 6.12
passing Ji through Ji+1. A generator ζ that cyclically permutes the strands (without any crossings
after projecting to S1 × I) corresponds to longitudinal rotation by 2pi/r of a solid torus containing
the knotted component followed by reparametrization in the opposite direction by 2pi/r.
To compute Tf, suppose for simplicity that J is a torus knot, so pi1(L˜J/SO4) ∼= Z. Then
pi1(L˜F/SO4) ∼= Z
2 ×B1,r nZr = Z〈µ1, λ1〉 ×B1,r nZ〈gJ,1, . . . ,gJ,r〉
where the gJ,i are the Gramain loops of the r summands. Then pi1(Tf) is the quotient by the group
generated by µ0 = λ1gJ,1 . . .gJr (and B1,r acts trivially on the diagonal 〈gJ,1 . . .gJr〉), so
pi1(Tf) ∼= Z〈µ1〉 ×B1,r nZ〈gJ,1, . . . ,gJ,r〉
For distinct torus knots J1, . . . , Jr,
pi1(Tf) ∼= Z
2 ×PBr+1 ×Zr−1 ∼= Z〈µ1, λ1, gJ,1, . . . ,gJ,r−1〉 ×PBr+1
Alternatively, we could discard λ1 and instead take all r Gramain loops. Taking the quotient by µ1
gives pi1(Lf/SO4) ∼= Z×B1,r nZr−1 when all Ji = J and pi1(Lf/SO4) ∼= Zr × PBr+1 when the Ji
are distinct. So for instance, if r = 2 and J1 and J2 are distinct torus knots, pi1(Lf/SO4) ∼= Z2×PB3,
whereas for F = J1#J2 in Example 6.10, we had pi1(Lf/SO4) ∼= Z×PB2. An extra factor ofZ comes
from reparametrizing the second component f1, while the extra braid generators come from loops
called b1 and b2 in Example 6.10, corresponding to p13 and p23 as in the first paragraph of this
example.
6.4. Splicing links into hyperbolic links. Let L = (L0, . . . ,Ln+r) be a hyperbolic link with bound-
ary tori Ti = ∂ν(Li) where ν(Li) is a tubular neighborhood of Li. The indexing of L is meant to
suggest a partitioning of the tori in ∂CL, as in Lemma 6.2, according as we glue or do not glue link
complements to them. Let k ∈ {0, . . . ,n+ r} (where we are most interested in the case k = n). Let
Diff0,...,k(CL) be the group of diffeomorphisms of CL whose restrictions to T0 unionsq · · · unionsq Tk are isotopic
to the identity. By Proposition 5.1, the fibration
Diff(CL; T0 unionsq · · · unionsq Tn)→ Diff0,...,n(CL)→ Diff(T0 unionsq · · · unionsq Tn)
yields the exact sequence
{e}→ pi1Diff(T0 unionsq · · · unionsq Tn)→ pi0Diff(CL; T0 unionsq · · · unionsq Tn)→ pi0Diff0,...,n(CL)→ {e}. (21)
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By Mostow rigidity, the group Diff0,...,k(CL) can be identified with a subgroup of the finite group
Isom+(CL) < Isom(CL) ∼= pi0Diff(CL). Specifically, it consists of those isometries which extend to
orientation-preserving diffeomorphisms of S3 preserve L0, . . . ,Lk and their orientations.
Definitions 6.13. For L = (L0, . . . ,Ln+r) and any k = 0, . . . ,n+ r, define BL,0,...,k := pi0Diff0,...,k(CL).
Define BL as the subgroup of isometries in Isom+(CL) which extend to diffeomorphisms of S3.
So the group called BL in [Bud10] is BL,0 in our notation. Note that what the software SnapPy’s
symmetry group function for a link L returns Isom(CL).
Lemma 6.14. Let Diff0,...,n(L0 unionsq · · · unionsq Ln) be the identity component of Diff(L0 unionsq · · · unionsq Ln). For any
k = 0, . . . ,n+ r, the map
BL,0,...,k → Diff0,...,k(L0 unionsq · · · unionsq Lk)
is injective.
Proof. If k > 0, then the kernel of this map has a finite-order element whose fixed-point set is a
(k+ 1)-component link and in particular, not an unknot, contradicting Smith’s theorem [Smi39].
The more subtle case of k = 0 is covered by [Bud10, Proposition 3.5]. 
Thus BL,0 must be cyclic, as a finite subgroup of Diff+(S1) ∼= S1 ×Diff(I,∂I). Hence BL,0,...,n <
BL,0 is cyclic. Now BL,0,...,n maps to (S1)2n+2 ∼= Isom(Tn+1) ∼= Diff0,...,n(L0 unionsq · · · unionsq Ln). Let B˜L,0,...,n
be the lift of BL,0,...,n to the universal cover R2n+2, i.e. the pullback below:
B˜L,0,...,n //

R2n+2

BL,0,...,n
  // (S1)2n+2
As in the proof of Proposition 5.1, one can show that the exact sequence (21) is equivalent to the
exact sequence
0→ Z2n+2 → B˜L,0,...,n → BL,0,...,n → 0. (22)
By that Proposition 5.1 (b), B˜L,0,...,n is free abelian of rank 2n+ 2.
As in the proof of Lemma 6.2, there is a map BL,0,...,n → S±r given by extending α ∈ BL,0,...,n
to a diffeomorphism of S3 and considering the induced action on Ln+1 unionsq · · · unionsq Ln+r. This map to
S±r then gives an action of BL,0,...,n on {J1, . . . , Jr, ι
−
0 (J1), . . . , ι
−
0 (Jr)}, where J1, . . . , Jr are links, each
with a distinguished component Ji,0. Recall the definition of S±(J) from Definition 6.1.
Definitions 6.15. Suppose F = (∅, . . . ,∅, J1, . . . , Jr) ./ L. Let AF be the preimage of S±(~J) under
the map BL,0,...,n → S±r . (So AF depends on L, the Ji, and the association of a component of each
Ji to a component of L.) Then define A˜F as the pullback below, from which it follows that A˜F is a
subgroup of B˜L,0,...,n, is free abelian, and is of rank 2n+ 2:
A˜F //

B˜L,0,...,n

AF
  // BL,0,...,n
(23)
Proposition 6.16. Let L = (L0, . . . ,Ln+r) be a (framed) (n + r + 1)-component hyperbolic link. Let
F = (∅, . . . ,∅, J1, . . . , Jr) ./ L. Then
L˜F/SO4 ' (S1)2n+1 ×
(
S1 ×AF
r∏
i=1
L˜Ji/SO4
)
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where the factor (S1)2n+1 corresponds to meridional rotations of L0, . . . ,Ln and longitudinal rotations of
some n of those components.
Proof. As in the proof of Proposition 6.9, set G := pi0Diff(CF;∂CF) and K :=
∏r
i=1 Ki where Ki :=
pi0Diff(CJi ;∂CJi). Lemma 6.2 then gives us the exact sequence
{e}→ K→ G→ pi0Diff(CL; T0 unionsq · · · unionsq Tn).
By (22), the right-hand group in this hyperbolic case is B˜L,0,...,n. By Lemma 6.2 and the definition
of AF, the image H in that right-hand group is A˜F, and G ∼= A˜F nK ∼= Z2n+2 nK.
We now claim that there is a rank-(2n+ 1) free abelian subgroup of A˜F which acts trivially and
contains all the meridional rotations. Recall the short exact sequence 0→ Z2n+2 → A˜F → AF → 0
induced by (21) and(22), where AF is a finite cyclic group. Let α be the preimage of a generator of
AF (which can be thought of as a fractional linear combination of images of generators of Z2n+2).
By the characterization of lattice bases, we can find a basis for A˜F by adjoining to α any (2n+ 1)-
element subset S of a basis B of Z2n+2 such that α /∈ span(S). Take B to consist of classes of
loops of meridional and longitudinal rotations for each component L0, . . . ,Ln. By the proof of
Proposition 5.3, we can take all the n+ 1 meridional generators to lie in S. We can then take some
n longitudinal generators to lie in S. We finally verify the triviality of the action of each element
of S. Indeed, the resulting Dehn twist τ of such an element can be taken to have support in a
collar neighborhood ν(Ti) of Ti and to be the identity on ∂ν(Ti). Any other diffeomorphism can
be taken be supported outside this collar and thus commutes with τ. Thus span(S) is the desired
rank-(2n+ 1) subgroup.
So now G ∼= Z2n+1 × (Zn K), where the Z factor in the semi-direct product is generated by
α ∈ A˜F as defined above. Taking the classifying space BG of G and applying Lemma 6.3 with
H = A˜F,H ′′ = AF, andH ′ = ker(A˜F → AF) ∼= Z2n+2 gives the claimed description of L˜F/SO4. 
From the decomposition in Proposition 6.16, we see that if all the Ji are knots, then L˜F/SO4 '
(S1)n+1×Lf/SO4, where each factor of S1 corresponds to meridional rotation about a component
of L. Thus if F = (F0, F1) corresponds to a knot in the solid torus, Tf ' S1 × Lf/SO4, where the
S1 corresponds to meridional rotation of the unknot component, and L˜F/SO4 ' S1 × Tf, where
the S1 corresponds to meridional rotation of the knotted component. (These are special cases of
Theorem 8.1 below.) Thus in the examples below we often describe only Lf/SO4.
Example 6.17 (Whitehead double of a knot). Let J be a (framed) knot (in S3), and let F be the
Whitehead double Wh(J) := J ./ Wh of J. Then L˜F/SO4 ' S1 × (S1 ×AF L˜J/SO4), recovering
an example in [Bud10, Section 5], since L˜F/SO4 ' Kf. Thus Lf/SO4 ' S1 ×AF L˜J/SO4. If J is
invertible,AF = Z/2 acts by inversion on L˜J/SO4 and rotation by 180◦ on S1. If J is non-invertible,
AF = {e}. If J is non-invertible, the S1 factor corresponds simply to reparametrization. If J is
invertible, its description is more subtle. For example, if J is a torus knot, Lf/SO4 ' S1 ×Z/2 S1,
the Klein bottle, so
pi1(Lf/SO4) ∼= ZnZ ∼= Z〈gJ〉nZ〈µ1/2J θ1/2λ1/20 〉
where gJ is the Gramain loop of J, µ
1/2
J is a path of rotations by 180
◦ along the meridian of the
knotted torus, λ1/20 is the path of reparametrizations of Wh(J) by translating by pi, θ
1/2 is a path
of rotations by 180◦ of the picture in Figure 22 around the y-axis (which is an isotopy from J to its
inverse i(J) and which lies entirely in SO4). Modulo SO4, gJ is equal to a full loop µJ of meridional
rotations of a torus knotted in the shape of J.
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J
Wh
µJ = gJ (and λJ = 1)
λ0 (and µ0 = gWh(J))
FIGURE 22. Left: the Whitehead double F of J in Example 6.17, with J the right-
handed trefoil with framing +3 (the blackboard framing of the above projection).
Right: the tree GF. Here pi1(Lf/SO4) ∼= 〈a, µJ |µaJ = µ−1J 〉 where a = µ1/2J λ1/20 , and
pi1(L˜F/SO4) is the product of this group with Z〈µ0〉.
Example 6.18 (Whitehead double of Whitehead link). Let F = W ./ W. Then L˜F/SO4 ∼= (S1)3 ×
(S1 ×Z/2 (S1)2). The group Z/2 acts by the antipodal map on each factor of S1, and those two
factors correspond to the meridian and longitude of a torus embedded roughly in an∞ shape in
Figure 23. We denote the corresponding generators of pi1 by b and c. So Lf/SO4 ∼= S1 × (S1 ×Z/2
(S1)2). Though the projection in Figure 23 is not the most symmetric, we chose it so as to help
visualize the blue, non-circular component as a knot in S1 ×D2.
bλ c
λ0
1
Wh
Wh
λ1 (and µ1)
b, c
λ0 (and µ0)
FIGURE 23. The link F = W ./ W in Example 6.18, together with GF. Here
pi1(Lf/SO4) ∼= Z〈λ0〉 × 〈a,b, c | ba = b−1, ca = c−1, [b, c] = 1〉where a = λ1/20 λ1/21 .
Example 6.19 (Bing double of a knot). Let Borr be the Borromean rings, and let F = (∅, J) ./ Borr.
This F is called the Bing double of J, is shown in Figure 24. Here n = 1, r = 1, and BL,0,1 is
trivial: the complement of the Borromean rings has many isometries (including a nontrivial one
that preserves two components and the orientation of one them), but none that preserve two
components and both orientations. Thus pi1(Lf/SO4) ∼= Z〈λ0, λ1〉 × L˜J/SO4. So for example, if
J is a torus knot, pi1(Lf/SO4) ∼= Z〈λ0, λ1, gJ〉 and pi1(Tf) ∼= Z〈λ0, λ1, µ1, gJ〉. For any knot J,
both components are unknotted in S3, and there is a symmetry interchanging the two, so either
component can be taken to be the knot in the solid torus, and we get isomorphic results for pi1(Tf).
Example 6.20. Let F = (∅, Borr) ./ ((∅, Borr) ./ (. . . ./ Borr)), where the Borromean rings Borr
appear n− 2 times. Then F is Milnor’s n-component Brunnian link shown in Figure 6 and [Mil54,
Figure 7]. As in Example 6.19, the symmetry group BL,0,1 for L the Borromean rings is trivial. Thus
Lf/SO4 ∼= (S
1)n where each factor corresponds to a reparametrization of a component.
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λ0 gJ
λ1
μ1
Borr
J
λ0 (and µ0)
gJλ1 (and µ1)
FIGURE 24. Left: the Borromean rings. Center: the Bing double F = (∅, J) ./ Borr
of the right-handed trefoil J with +3 framing, from Example 6.19. Right: GF. Here
pi1(Lf/SO4) ∼= Z〈λ0, λ1,gJ〉.
Example 6.21 (A link F = (∅, J) ./ L with nontrivial AF corresponding to a knot in S1 ×D2).
Let L = (L0,L1,L2) be the 3-component hyperbolic KGL shown in Figure 25, where L0 is the red
circular component, L1 is the green elliptical component, and L2 is the blue component in the shape
of ∞. Then BL,0,1 ∼= Z/2, generated by a rotation by pi in the plane. (Its full symmetry group is
BL ∼= Z/2⊕Z/2 and has rotations by pi about the x- and y-axes.) The action of BL,0,1 reverses the
orientation of L2. Let F be the result of splicing a single knot J along L2.
If J is invertible, Lf/SO4 ' S1×
(
S1 ×Z/2 L˜J/SO4
)
. The left-hand factor of S1 in Lf/SO4 can be
taken to correspond to a full loop of reparametrizations of either component. The remaining S1
factor corresponds to the rotation by pi followed by half-loops of reparametrizations of both com-
ponents L0 and L1. The action ofZ/2 is thus given by rotation by pi on S1 and by knot inversion on
L˜J/SO4. If J is a torus knot, L˜J/SO4 ' S1 and knot inversion corresponds to complex conjugation.
In this case Lf/SO4 is the product of a circle and a Klein bottle.
If J is not invertible, L˜f/SO4 is simply (S1)2 × L˜J/SO4.
L
J
FIGURE 25. The link L in Example 6.21, together with a schematic of GF for F =
(∅, J) ./ L.
Example 6.22 (A link F = (∅, J,K,K) ./ L that gives a knot S1 ×D2 and has AF permuting the
K’s). Along similar lines to the previous example, let L = (L0, . . . ,L4) be either of the 5-component
hyperbolic KGL’s shown in Figure 26, where L0 is the red circular component, L1 is the green
elliptical component, L2 is the blue component in the shape of∞, and L3 and L4 are the remaining
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components. As in the previous example, its full symmetry group is BL, which is the Klein four
group. Let F = (∅, J,K,K) ./ (L0, . . . ,L4) be the result of splicing a knot J along L2, and a knot K
along both L3 and L4. If J is invertible, then AF = BL,0,1 ∼= Z/2, given by rotation by pi in the plane.
Then Lf/SO4 ' S1×
(
S1 ×Z/2
(
L˜J/SO4 × (L˜K/SO4)2
))
, where the action is given by inversion
on L˜J/SO4 and by swapping the two factors of L˜K/SO4. If J is not invertible, of if we splice two
different knots into L3 and L4, then AF = {e}, and all the various spaces are just ordinary products.
L
KKJ
FIGURE 26. Two possibilities for the link L in Example 6.22, together with a
schematic of GF for F = (∅, J,K,K) ./ L.
Example 6.23 (Variant of an example of Stoimenow: F giving a knot in S1 ×D2 where AF acts by
Z/r). In the previous two examples, we saw links L with nontrivial representations BL,0,1 → S±r
where BL,0,1 ∼= Z/2. A slight variation of an example of Stoimenow [Bud10, Section 5] gives a
link L with BL,0,1 cyclic of any order and BL,0,1 → S±r faithful (i.e. injective). This representation
is contained in Sr < S±r . Let r > 3 be any integer, and let L = (L0, . . . ,Lr+1) be the link shown in
Figure 27. Let L0 be the blue component which links with every other component, and let L1 be
the red elliptical component. The group BL,0,1 isZ/r, generated by a rotation of S3 in the xy-plane
by 2pi/r. (The full symmetry group Isom(CL) isD2r, with all isometries extending to the link, and
Isom+(CL) ∼= Dr.) The components L2, . . . ,Lr+1 are are cyclically permuted by this symmetry. Let
F = (∅, J, . . . , J) ./ L. Then Lf/SO4 ' S1 ×
(
S1 ×Z/r
(
(L˜J/SO4)
r
))
, where the generator of Z/r
acts on the right-hand factor by the permutation (1, 2, . . . , k) and on the left-hand factor by rotation
by 2pi/r.
Example 6.24 (Variant of an example of Sakuma: F giving a knot in S1 ×D2 where AF acts by a
signed cycle). A slight variation on an example of Sakuma [Sak86], [Bud12, Example 5.16] gives a
link L with a faithful representation BL,0,1 → S±r that does not factor through Sr and with BL,0,1
cyclic of any even order. Let r be odd and let L = (L0, . . . ,Lr+1) be the link shown in Figure 28,
where L0 is the blue torus knot component and L1 is the red elliptical component. The group
BL,0,1 is Z/2r, generated by a rotation of S3 that rotates in the xy-plane by 2pi/r and rotates by pi
along L1 = C2. (The full symmetry group Isom(CL) is Z/2×D2r, though only the isometries in
Isom+(CL) ∼= D2r extend to the link.) The components L2, . . . ,Lr+1 are are cyclically permuted by
this symmetry. Let F = (∅, J, . . . , J) ./ L. Then Lf/SO4 ' S1×
(
S1 ×Z/2r
(
(L˜J/SO4)
r
))
, where the
generator of Z/2r acts on the left-hand factor by rotation by pi/r and on the right-hand factor by
the signed permutation given by the cycle (1, 2, . . . , r) and a minus sign for every i = 1, . . . , r.
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L
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. . .
JJ
FIGURE 27. A hyperbolic KGL L with BL,0,1 ∼= Z/r that embeds in Sr for r = 5,
together with a schematic of GF for F = (∅, J, . . . , J) ./ L. The sublink (L0, . . . ,Lr) is
an example due to Stoimenow. See Example 6.23.
L
J
. . .
JJ
FIGURE 28. A hyperbolic KGL Lwith BL,0,1 ∼= Z/2r that embeds as a signed cycle
in S±r for r = 5, together with a schematic of GF for F = (∅, J, . . . , J) ./ L. The
sublink (L0, . . . ,Lr) is an example due to Sakuma. See Example 6.24.
Exercise 6.25. Find the companionship tree Gf, and compute pi1(Lf/SO4) for the links f shown in
(a) Figure 29, (b) Figure 30, and (c) Figure 31. Notice that each of these corresponds to a knot in the
solid torus. Hints: the links are all distinct, but some of the fundamental groups may be the same.
The answers to the three parts will include both abelian and nonabelian fundamental groups.
FIGURE 29. The link in Exercise 6.25, part (a).
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FIGURE 30. The link in Exercise 6.25, part (b).
FIGURE 31. The link in Exercise 6.25, part (c).
7. SPACES OF KNOTS IN 3-MANIFOLDS ASSOCIATED TO SPLIT LINKS
In this brief section, we consider spaces of knots in a solid torus or a thickened torus which
correspond to split (i.e. reducible) links. We determine their homotopy types in terms of spaces
of knots in a 3-ball. In general, spaces of split links are more complicated than spaces of irre-
ducible links. Matters are simplified here however because we consider motions of only one link
component. This section does not rely on any of the material after Section 2.3.
FIGURE 32. An example of a knot in a solid torus (left), where the associated link
is a split link (right).
Proposition 7.1. Suppose M is an orientable 3-manifold with pi2(M) = 0 (i.e. M is irreducible) and
M 6= S3. Let f : S1 ↪→M be a knot contained in some 3-ball. Then the component of f in the space of knots
inM satisfies
Embf(S1,M) 'M× Embf(S1,D3)
Proof. Assuming f is contained in a 3-ball inM, the exterior of f inM is the connected sum Cf#M,
where Cf is the exterior of f in S3. Let Sph(f,M) be the space of essential 2-spheres in Cf#M. By
the Theorem in Hatcher’s note [Hat08], Sph(f,M) is contractible, since M is irreducible and not
the 3-sphere.
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Let ES(S1,M) be the space
ES(M) := {(f : S1 ↪→M,g : S2 ↪→M) : im(g) bounds a 3-ball containing im(f)} / Diff+(S2)
Let ESf(S1,M) denote the component of f. The fibration
Sph(f,M)→ ESf(M)→ Embf(S1,M)
shows that ESf(M) ' Embf(S1,M) for each f and hence ES(M) ' Emb(S1,M).
Furthermore, we claim that
ES(M) ∼= Emb(D3,M)×Diff(D3) Emb(S1,D3)
where Diff(D3) acts on the right on the first factor by post-composition and on the left on the
second factor by pre-composition. The map from the right-hand side to the left-hand side is given
on representatives by (g, f) 7→ (g ◦ f,g|∂D3). Its inverse is given on representatives by (f,g) 7→
(h, h−1 ◦ f), where h is an extension of g to an embedding D3 ↪→ M. The map is independent of
the choice of h, since if h and k are two such choices, (k,k−1f) ∼ (k(k−1h), (h−1k)k−1f) ∼ (h,h−1f).
Finally, since M is an orientable 3-manifold, it is parallelizable, by Steenrod’s theorem in low-
dimensional topology. Thus
Emb(D3,M)×Diff(D3) Emb(S1,D3) ' (M× SO3)×SO3 Emb(S1,D3) 'M× Emb(S1,D3).

Corollary 7.2. If f is a knot in S1 ×D2 contained in some 3-ball, then Tf ' S1 × Embf(S1,D3). 
Corollary 7.3. If f is a knot in S1 × S1 × I contained in some 3-ball, then Vf ' S1 × S1 × Embf(S1,D3).

Example 7.4. Consider an unknot f in a (small) 3-ball. By work of Hatcher [Hat83] or Brendle and
Hatcher [BH13], Embf(S1,D3) is equivalent to the space of Euclidean circles inR3, which in turn is
equivalent to SO3, by taking the tangent vector at the basepoint in S1 and the normal vector to the
circle. If we turn f into a knot in S1 ×D2 by embedding the 3-ball in S1 ×D2, as in Figure 33, then
Tf ' S1×SO3. Similarly, we can turn f into a knot in S1×S1× I, in which case Vf ' S1×S1×SO3.
FIGURE 33. An unknot f in the solid torus corresponding to the 2-component un-
link, which is a split link. It satisfies Tf ' S1× SO3. For the embedding space Vf of
a similar knot in the thickened torus, Vf ' S1 × S1 × SO3.
8. SPLITTINGS OF SUBGROUPS OF ROTATIONS
In this section, we study certain canonical subgroups of rotations in the various embedding
spaces we consider. We first deduce a splitting of the subgroup of meridional rotations in pi1(L˜F/SO4)
for irreducible F (Theorem 8.1). We then consider the subgroup of rotations of the torus in pi1(Tf)
(Theorem 8.2). The subgroup of rotations in pi1(Vf) (Corollary 8.6) is easily understood via Theo-
rem 8.1. The results below are a culmination of the analyses of the various cases treated in Sections
4, 5, 6, and 7, and thus they depend on all of them, as well as on Section 3.
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Theorem 8.1. Let F = (F0, F1, . . . , Fm) be a nontrivial irreducible (m+ 1)-component framed link. Then
the loops of meridional rotations µ0, . . . ,µm generate a Zm+1 subgroup that splits off of pi1(L˜F/SO4) as a
factor, i.e., pi1(L˜F/SO4) ∼= Zm+1 ×G for some group G.
Proof. By Proposition 3.4, the meridional rotations µ0, . . . ,µm generate a normal subgroup N ∼=
Zm+1. Viewing pi1(L˜F/SO4) as pi0Diff(CF;∂CF), we also see that each µi is central, since the cor-
responding diffeomorphism can be taken to have support in a small neighborhood of the i-th
boundary component. Obtaining the splitting however requires a more careful analysis, with the
Seifert-fibered, hyperbolic, and satellite cases treated separately.
If F is Seifert-fibered, then by Corollary 4.2, pi1(L˜F/SO4) ∼= Z2m × PBm+r for some r ∈ {0, 1, 2}.
If F = KCm, then N is a factor Zm+1 < Z2m. Otherwise, N is Zm × Z(PBm+r) (where the Zm is
a factor of Z2m), and the center of the pure braid group Z(PBm+r) is a direct factor of PBm+r.
If F is hyperbolic, Propositions 5.1 and 5.3 imply that the exact sequence (15) can be written as
0→ N→ Z2(m+1) → Zm+1 → 0, which as a short exact sequence of free abelian groups splits as
a direct product.
If F has a nontrivial companionship tree, we proceed as in the proof of Theorem 1.1, out-
lined at the beginning in Section 6. We arbitrarily choose a distinguished component F0 of F,
thus determining a root vertex vR in GF. We can then write F = (∅, . . . ,∅, J1, . . . , Jr) ./ L where
L = (L0, . . . ,Ln+r) is the link GF(vR), and where n > 0 and r > 1. We proceed by induction on the
maximum distance d of a vertex from vR, counted by the number of edges. The basis case d = 0
is covered by the previous two cases. For the induction step, there are different cases according
to whether L is Sp,q, Rp,q, KCn+r (which has two subcases), or a hyperbolic link. The induction
hypothesis is that the theorem holds for each Ji.
Suppose F = (∅, . . . ,∅, J1, . . . , Jr) ./ Sp,q where gcd(p,q) = n+ r. Let |Ji| denote the number
of components of Ji, and let ` :=
∑r
i=1(|Ji| − 1). Then m + 1 = n + ` + 1. By Proposition 6.4,
pi1(L˜F/SO4) ∼= PBn+r+1 ×Z2n ×
∏r
j=1 pi1(L˜Ji/SO4), and the subgroup N ∼= Z
m+1 of meridional
rotations is the product of two subgroups, one a subgroup of PBn+r+1×Z2n the other a subgroup
of
∏r
j=1 pi1(L˜Ji/SO4). The first factor is the subgroup Z(PBn+r+1)×Zn < PBn+r+1×Z2n where
Zn = Z〈µ1, . . . ,µn〉 < Z〈µ1, . . . ,µn, λ1, . . . , λn〉 = Z2n. The second factor is the subgroup Z` <∏r
j=1 pi1(L˜Ji/SO4) generated by meridional rotations along all components of the Ji except for
the Ji,0 (along which the splicing is done). The result is proven in this case because the center of
PBn+2 splits as a direct factor, andZ` is a factor of a factorZ`+r <
∏r
j=1 pi1(L˜Ji/SO4) guaranteed
by the induction hypothesis.
If F = J ./ Rp,q with gcd(p,q) = n+ r− 1, then Proposition 6.7 shows that a similar analysis as
for Sp,q applies, just with PBn+r+1 replaced by PBn+r in the argument above. (With our indexing
for Rp,q, r = 1 implies n > 1, even though for Sp,q above, r = 1 and n = 0 is possible.)
We will treat the case L = KCn+r last, so suppose now that F = (∅, . . . ,∅, J1, . . . , Jr) ./ L for
some hyperbolic link L = (L0, . . . ,Ln+r). Then by Proposition 6.16,
pi1(L˜F/SO4) ∼= Z
2n+1 ×
(
Zn
r∏
i=1
pi1(LJi/SO4)
)
(24)
The first n + 1 meridional rotations µ0, . . . ,µn generate a subgroup N0 = Zn+1 < Z2n+1 that
is a factor of pi1(L˜F/SO4). For i = 1, . . . , r, let Ni < pi1(LJi/SO4) be the subgroup generated by
meridional rotations arond the components Ji,1, Ji,2, . . . along which no splicing is done. Then
Ni ∼= Z
|Ji|−1 and by the induction hypothesis, it is a factor of pi1(LJi/SO4). Recall from the proof
of Proposition 6.16 that the copy of Z in (24) is a subgroup of the image H ∼= A˜F from the group
pi0Diff(CF;∂CF)(∼= pi1(L˜F/SO4)) in (17). While it may act nontrivially on each factor pi1(LJi/SO4)
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(e.g., as in the case of Wh ./ Wh in Example 6.18), it acts trivially on each subgroup Ni, since
elements of Ni are rotations of components of F. Since N =
∏r
i=0Ni, we conclude that N is a
factor. (In the special case that all the Ji are knots, N = N0 is simply the factor Zn+1 < Z2n+1.)
Next suppose F = (∅, . . . ,∅, J1, . . . , Jr) ./ KCn+r where no splicing is done along the special
component of KCn+r. After possibly rechoosing F0 from among the leaf half-edges on KCn+r, we
may assume L0 is the special component. If necessary, reorder the Ji so that J1, . . . , Jq are links
with multiple components and Jq+1, . . . , Jr are knots; thus 0 6 q 6 r. By Proposition 6.9,
pi1(L˜F/SO4) ∼= Z〈µ1, . . . ,µn, λ1, . . . , λn〉 ×
q∏
i=1
pi1(L˜Ji/SO4)×
BF n r∏
i=q+1
pi1(L˜Ji/SO4)
 (25)
since BF acts trivially on the multiple-component links J1, . . . , Jq, We first consider the subgroup
N0 := 〈µ0〉. By the induction hypothesis,
∏r
i=q+1 pi1(L˜Ji/SO4) has a direct factor of Z
r−q gener-
ated by meridional rotations of Jq+1, . . . , Jr. Since the action of BF factors through Sr < S±r , it is
trivial on the diagonal ∆ inZr−q, so ∆ splits as a direct factor of pi1(L˜F/SO4). Now notice thatN0
is the diagonal (and thus a direct factor) inZ〈λ1, . . . , λn〉×∆ ∼= Zn+1. HenceN0 is a direct factor of
pi1(L˜F/SO4). LetN1 be the subgroup generated by µ1, . . . ,µm. ThenN1 is the product of the factor
Z〈µ1, . . . ,µn〉 with a direct factor Zm−n <
∏q
i=1 pi1(L˜Ji/SO4) by the induction hypothesis. The
subgroupN of all meridional rotations is then the direct factorN0×N1. (In the special case where
all the Ji are knots, N = N0 is just the diagonal in Zn ×Zr < Z2n ×BF n
∏r
i=1 pi1(L˜Ji/SO4).)
Finally suppose F = (∅, . . . ,∅, J0, . . . , Jr−1) ./ KCn+r where the special component of KCn+r is
(without loss of generality) Ln+1. In this case the roles of L0, . . . ,Ln are essentially interchange-
able like boundary components of the surface Pn, but we view L0 as corresponding to the outer
boundary in Pn. Then the isomorphism (25) still holds, and N1 is as described in the previous
case. However, N0 is now the diagonal in Z〈λ1, . . . , λn〉 × 〈τ〉 where τ is the full twist in BF. Note
that 〈τ〉 is the center Z(BF), since Z(PBn+r) = 〈τ〉 = Z(Bn+r). If none of J1, . . . , Jr−1 is a knot, then
we are done because BF lies in PBn+r, which implies Z(BF) splits as a direct factor of BF. If some
of the J1, . . . , Jr−1 are knots, then there are no knots in the subtree of GF attached to the half-edge
corresponding to the special component of KCn+r, by Alexander’s theorem on embedded tori in
S3. Then by rechoosing the distinguished component F0 of F to lie in this subtree, we are in one of
the previous cases. This completes the induction step and thus the proof in the general case. 
Theorem 8.2. Let f = (f0, f1) be any 2-component link corresponding to a knot in the solid torus. Then
µ1, the longitudinal rotation of the solid torus, generates a copy ofZ that splits as a direct factor of pi1(Tf).
If f is irreducible and not the Hopf link, then λ1, the meridional rotation of the solid torus, generates another
direct factor of Z in pi1(Tf). If f is a split link, then λ1 generates a central subgroup isomorphic to Z/2.
Proof. We separately treat the cases of irreducible and split links.
Case 1: f is an irreducible link. Since pi1(Tf) ∼= pi1(L˜F/SO4) / 〈µ0〉, where µ0 is the meridional
rotation around the knotted component, the claim about µ1 is immediate from Theorem 8.1 in
this case. So we may suppose f is not the Hopf link. We must show that the image of 〈µ1, λ1〉 in
pi1(Tf) is a direct factor isomorphic to Z2. Equivalently, we must show that the subgroup 〈µ1, λ1〉
of pi1(L˜F/SO4) is a factor isomorphic to Z2 which intersects 〈µ0〉 trivially.
We consider the companionship tree GF of F and proceed by induction on the distance d,
counted by the number of vertices, from the half-edge corresponding to F1 to the root half-edge
corresponding to F0. The basis case d = 1 is when µ1 and µ0 both correspond to half-edges on the
root vertex vR. There are three subcases depending on the type of the corresponding link GF(vR):
• IfGF(vR) is Sp,q, then F = Sp,q, and we saw that we can take µ1 and λ1 to generate pi1(Tf) ∼= Z2.
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• If GF(vR) is KC1+r, then F = (∅, J1, . . . , Jr) ./ KC1+r for some r > 1 where all the Ji are knots
and L0 is the component of KC1+r that links nontrivially with the other components. Then
pi1(Tf) ∼= (Z
2 × (BF n
∏
pi1(L˜Ji/SO4))/〈µ0〉, and 〈µ0〉 is the diagonal in a free abelian factor
properly containing the factor Z2. Thus the image of this factor in the quotient is again Z2,
and it is generated by µ1 and λ1.
• IfGF(vR) is a hyperbolic link L = (L0, . . . ,L1+r), then F = (∅, J1, . . . , Jr) ./ Lwhere all the Ji are
knots. Then pi1(Tf) ∼= Z2 × (Zn
∏
pi1(L˜Ji/SO4), and the factor Z
2 is generated by µ1 and λ1.
This completes the proof of the basis case.
Now suppose we have proven the statement for all F where d = n− 1, and that GF has d =
n > 2 vertices between the two half-edges. Logically, we need not consider separate cases, but we
observe that Fmust be of one of the following three forms:
• J1 ./ Sp,q (with gcd(p,q) = 1),
• (J1, . . . , Jr) ./ KCr (where L0 is the component of KCr linking nontrivially with L1, . . . ,Lr), or
• (J1, . . . , Jr) ./ L for a hyperbolic KGL L = (L0, . . . ,Lr).
In each case exactly one Ji is a 2-component link, while the other Ji are knots. Without loss of gen-
erality, J1 is the 2-component link. (The component J1,1 along which no splicing is done must be the
unknot.) By Lemma 6.2, pi1(L˜F/SO4) ∼= HnK for a certain groupH, where K =
∏r
i=1 pi1(L˜Ji/SO4).
The action H → S±r → K corresponds to a signed permutation σ ∈ S±r with σ(1) = 1+ because
J1 has multiple components. Thus pi1(L˜J1/SO4) is a direct factor of pi1(L˜F/SO4). By the induction
hypothesis, pi1(L˜J1/SO4) has a direct factor Z〈µ1, λ1〉, which is then a direct factor of pi1(L˜F/SO4)
which intersects 〈µ0〉 trivially. This completes the induction step and the proof for irreducible f.
Case 2: f is a split link. By Proposition 7.1, Tf ' (S1 ×D2) × Embf1(S1,D3), so pi1(Tf) ∼=
Z× pi1Embf1(S1,D3). The factor of Z is generated by µ1, so the claim about µ1 is now proven in
all cases.
It remains to prove the claim about λ1. By a result of Budney and Cohen [BC09, Proposition
4.4],
Embf1(S
1,D3) ' SO3 ×SO2 (Cf1 oKf1).
Here Kf1 is the component in K of the long knot associated to the closed knot f1, and Cf1 oKf1 is
the total space of a fibration with a section, where the base is Kf1 and the fiber is Cf1 . It is defined
by Cf1 oKf1 := {(g,p) : g ∈ Kf1 ,p ∈ Cg}. The group SO2 acts on SO3 via a standard inclusion,
and it acts on Cf1 oKf1 diagonally, by rotating around the long axis.
The element λ1 is the image of the generator θ ∈ pi1(SO3) ∼= Z/2 under the projection
SO3 × (Cf1 oKf1)→ SO3 ×SO2 (Cf1 oKf1). (26)
Thus 〈λ1〉 ∩ 〈µ1〉 = {e}. We will now show that λ1 is nontrivial. The fibration (26) yields the exact
sequence
pi1(SO2)→ pi1(SO3)× (pi1(Cf1)o pi1(Kf1))→ pi1(SO3 ×SO2 (Cf1 oKf1))→ {e}
and we claim the first map is injective. The Gramain loop provides a Z factor in pi1(Kf1) (by
Proposition 3.1 and Theorem 8.1, as mentioned in Remark 3.2). If f1 is not the unknot, the image
of the generator τ ∈ pi1(SO2) in pi1(Kf1) is a generator of this Z. If f1 is the unknot, τ maps to the
generator of pi1(Cf1 o {e}) ∼= Z. This establishes the desired injectivity. Thus the kernel of
pi1(SO3 × (Cf1 oKf1)) pi1(SO3 ×SO2 (Cf1 oKf1)) (27)
is free abelian of rank one. Hence the image λ1 of the generator θ ∈ pi1(SO3) under this map is
nontrivial, as claimed. The subgroup 〈λ1〉 ∼= Z/2 is central, as the image of a central subgroup
under the quotient map (27). 
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Remark 8.3. A shorter argument proves a weaker version of Theorem 8.2 for irreducible f. Con-
sider the fibration Diff(M;∂ν(f)) → Diff(S1 ×D2) → T˜F, where T˜F ' L˜F/SO4 is the space of
the framed knot F in the solid torus and M = S1 ×D2 − ν(f) is the exterior of f. Since f is irre-
ducible, M is Haken. Hence the fiber is a K(pi, 0) by Hatcher and Ivanov’s result (which actually
applies to spaces of diffeomorphisms fixing any nonempty union of boundary components). Thus
Z〈λ1,µ1〉 ∼= pi1Diff(S1 ×D2) is a subgroup of pi1T˜f. By viewing pi1T˜f as pi0Diff(M;∂M) and taking
the diffeomorphism corresponding to λ1 or µ1 to be supported near a component of ∂M, we see
that this subgroup is central. However, to reach the same conclusion about Tf, one still needs to
check that this subgroup intersects Z〈µ0〉 < pi1(L˜F/SO4) trivially. This argument also does not
give the splitting.
Corollary 8.4. If f = (f0, f1) is a link with f1 the unknot, then Tf ' S1 × (Lf/SO4) where the factor of
S1 corresponds to meridional rotation around f1 (or longitudinal rotation of the solid torus). 
Remark 8.5. By a similar case-by-case analysis, one can show that the loop ρ given by reparametriz-
ing the knot is always nontrivial in pi1(Tf). However, it is not always independent of µ1 and λ1, as
shown by the case where f corresponds to a (p,q)-Seifert link. In cases where it is independent of
µ1 and λ1, it is not always true that there is a generating set containing all three of µ1, λ1, and ρ; see
for instance the hyperbolic link in Example 5.8. Nor does the subgroupZ〈ρ〉 always split as a fac-
tor. Indeed, if F = (∅, J, J) ./ KC3 where J is a knot, then pi1(L˜F/SO4) ∼= Z2 ×B1,2 n pi1(L˜J/SO4)2,
and ρ corresponds to a full twist of the disk, which generates the center Z(B1,2) of B1,2 (since it
generates the centers of B3 and PB3). But this center does not split, since the abelianization of B1,2
is Z, whereas the abelianization of B1,2/Z(B1,2) is Z×Z/2.
The next result is a corollary to Theorem 8.1 and the analogue of Theorem 8.2 with S1 ×D2
replaced by S1 × S1 × I.
Corollary 8.6. Let f be any 2-component knot in the thickened torus. Then µ1 = λ2 and λ1 = µ2 generate
a copy of Z2 that splits as a direct factor of pi1(Vf).
Proof. If f corresponds to an irreducible 3-component link, this is immediate from Proposition 3.7
and Theorem 8.1 by viewing the two loops as µ1 and µ2.
If f corresponds to a split 3-component link, then we may think of f as a knot contained in
some 3-ball in S1 × S1 × I. By Proposition 7.1, Vf ' (S1 × S1 × I)× Embf(S1,D3), so pi1(Vf) ∼=
Z2 × pi1Embf(S1,D3), where µ1 and λ1 generate the factor of Z2. 
9. TABLES SUMMARIZING EXAMPLES
Tables 1 and 2 summarize our examples of 2-component links corresponding to knots in a
solid torus U and 3-component links corresponding to knots in a thickened torus ν(T). We list
the homotopy types of the embedding spaces and their fundamental groups, with generators.
For simplicity, generic knots J or K are taken to be torus knots. The loop µ1 is a meridional
rotation around the unknot (or longitudinal rotation λ of U), while λ1 is a longitudinal rota-
tion along (i.e. reparametrization of) the unknot (or meridional rotation µ of U). Similarly, λ0 is
reparametrization of the knotted component. Rotations along an incompressible, non-boundary
torus are in some cases denoted µ ′, λ ′. The Gramain loop of J is denoted gJ. We abbreviate
Cn(R
2) := Conf(n,R2), and βij (respectively pij) stand for generators of the braid (respectively
pure braid) group. The group B1,n−1 < Bn consists of braids whose permutations fix the first
strand and can be viewed as the annular (n− 1)-strand braid group CBn−1. The links are grouped
as split links, Seifert-fibered links, hyperbolic links, splices into Seifert-fibered KGL’s, and splices
involving hyperbolic KGL’s.
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TABLE 1. Summary of examples of links corresponding to knots in a solid torus
Example # 2-comp. link f Tf pi1(Tf) generators of pi1(Tf)
Example 7.4 unlink S1 × SO3 Z×Z/2 µ1, λ0
- Hopf link S1 Z µ1 = λ0
Figs. 5 and 8 Seifert link Sp,q, (p,q) = 1 (S1)2 Z2 µ1, λ1
Example 5.7 Whitehead link Wh (S1)3 Z3 µ1, λ1, λ0
Example 5.8 hyp. link L8n1=8216 (from 41) (S
1)3 Z3 µ1, λ1, 12(λ0 + λ1)
Example 5.9 hyp. link from T2,k, k odd (S1)3 Z3 µ1, λ1, 1k(λ0 + λ1)
Example 5.10 hyp. link from 818 (S1)3 Z3 µ1, λ1, 14(λ0 + λ1)
Example 6.6 Wh ./ Sp,q (S1)4 Z4 µ1, λ1, µ ′, λ ′
Example 6.11 (∅, J) ./ KC2 (S1)3 Z3 µ1, λ1, λ0
Example 6.12 (∅, J, J) ./ KC3 ((S1)× (C3(R2)×S2 (S1)2) Z× (B1,2 nZ2) µ1, β23, p12, p13,
Fig. 21 (a) S2 ∼= Aut{2, 3} gJ,1, gJ,2
Example 6.18 Wh ./ Wh (S1)2 × (S1 ×Z/2 (S1)2) Z2 × 〈a,b, c | [b, c] = 1,ba = b−1, ca = c−1〉 µ1, λ0, a = λ1/20 λ1/21 , b, c
Example 6.19 (∅, J) ./ Borr (S1)4 Z4 µ1, λ1, λ0, gJ
Example 6.21 (∅, J) ./ (L0,L1,L2) (S1)2 × (S1 ×Z/2 S1) Z2 × 〈a,b | ba = b−1〉 µ1, λ1,
L shown in Fig. 25 a = λ1/20 λ
1/2
1 , b = gJ
Example 6.22 (∅, J,K,K) ./ (L0, . . . ,L4) (S1)2 ×
(
S1 ×Z/2
(
S1 × (S1)2)) Z2 × 〈a,b, c,d | [b, c] = [c,d] = [b,d] = 1, µ1, λ1, a = λ1/21 λ1/20 ,
L shown in Fig. 26 ba = b−1, ca = d,da = c〉 b = gJ, c = gK,1, d = gK,2
Example 6.23, (∅, J, . . . , J) ./ (L0, . . . ,Lr+1) (S1)2 ×
(
S1 ×Z/r (S1)r
)
Z2 × 〈a,b1, . . . ,br | bai = bi+1〉 µ1, λ1, a = λ1/r0 ,
Fig. 27 (L0, . . . ,Lr) = LStoimenow indices taken mod r b1 = gJ,1, . . . ,br = gJ,r
Example 6.24, (∅, J, . . . , J) ./ (L0, . . . ,Lr+1) (S1)2 ×
(
S1 ×Z/2r (S1)r
)
Z2 × 〈a,b1, . . . ,br | bai = b−1i+1〉 µ1, λ1, a = λ1/r0 λ1/21 ,
Fig. 28 (L0, . . . ,Lr) = LSakuma indices taken mod r b1 = gJ,1, . . . ,bk = gJ,r
Exercise 6.25 (a)
Exercise 6.25 (b)
Exercise 6.25 (c)
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TABLE 2. Summary of examples of links corresponding to knots in a thickened torus
Example # 3-comp. link f Vf pi1(Vf) generators of pi1(Vf)
Ex. 7.4 Hopf link unionsq unknot (S1)2 × SO3 Z2 ×Z/2 µ, λ, λ0
Fig. 5 (c) ((p,q) = (3, 4)), Rp,q (S1)2 Z2 µ, λ
Ex. 4.9 ((p,q) = (1, 1))
Ex. 4.10 KC2 (S1)2 Z2 µ, λ
Ex. 5.11 hyp. link L6a5= 631 (S
1)3 Z3 µ, λ, λ0
Ex. 6.8 (∅, Wh) ./ Rp,q (S1)4 Z4 µ, λ, λ0,µ ′
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